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Abstract

We study the off-shell mixing and renormalization of flavor-diagonal dimension-5 T-
and P-odd operators involving quarks, gluons, and photons, including quark electric
dipole and chromo-electric dipole operators. We present the renormalization matrix to
one-loop in the MS scheme. We also provide a definition of the quark chromo-electric
dipole operator in a regularization-independent momentum-subtraction scheme suitable
for non-perturbative lattice calculations and present the matching coefficients with the
MS scheme to one-loop in perturbation theory, using both the naïve dimensional regu-
larization and ’t Hooft-Veltman prescriptions for γ5.
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1 Introduction
Permanent electric dipole moments (EDMs) of non-degenerate systems violate invariance un-
der parity (P) and time reversal (T), or, equivalently [1], CP, the combination of charge conju-
gation and parity. Given the smallness of Standard Model (SM) CP-violating (CPV) contribu-
tions induced by quark mixing [2] (for a review see [3]), nucleon, nuclear, and atomic/molecular
EDMs [4–8] are very deep probes of the SM θ-term (already constrained at the level of
θ ∼ 10−10) and of possible new sources of CP violation beyond the Standard Model (BSM).

In fact, EDMs at the sensitivity level of ongoing and planned experiments probe BSM
CPV interactions originating at the TeV scale or above (up to hundreds of TeV depending on
assumptions about the BSM scenario). These new CPV interactions may be a key ingredient
of relatively low-scale baryogenesis mechanisms such as electroweak baryogenesis (see [9] and
references therein), making the study of EDMs all the more interesting. EDMs of the nucleon,
nuclei, and atoms are sensitive to a number of new sources of CP violation, in a complementary
way [10], so that a broad experimental program to search for EDMs in various systems is called
for (a summary of current status and prospects can be found in Refs. [11, 12]).

Extracting robust information on the new CPV sources from the (non)observation of EDMs
is a challenging theoretical problem, that involves physics at scales ranging from the TeV (or
higher) down to the hadronic, nuclear, and atomic scales, depending on the system under
consideration. The relevant physics at the hadronic and nuclear scale involves strong inter-
actions, and requires the calculation of non-perturbative matrix elements. While interesting
model-independent statements can be made within a nucleon-level chiral effective theory ap-
proach [13–18], ultimately the computation of a number of hadronic matrix elements is nec-
essary. Existing calculations of the impact of BSM operators on hadronic EDMs typically
rely on modeling the strong dynamics in ways consistent with the Quantum Chromodynamics
(QCD) symmetries, using methods such as QCD sum rules [19–22] and the Dyson-Schwinger
equations [23, 24] (see Refs. [3, 12] for reviews). Since models do not rely on systematic ap-
proximations to the strong dynamics of quarks and gluons in the nucleons, current results
represent in some cases only crude estimates, with different model-calculations differing by
up to an order of magnitude, depending on the operator under study [12]. Needless to say,
this state of affairs greatly dilutes the impact of EDM experimental searches in probing short-
distance physics. Moreover, the uncertainties affect the robustness of the phenomenological
studies relating new sources of CP violation to baryogenesis mechanisms (depending on what
is the dominant mechanism and operator generating the EDM).

In this context, lattice QCD calculations offer the opportunity to perform systematically
improvable calculations of the CPV hadronic dynamics. Historically, lattice QCD efforts have
mostly focused on the determination of the nucleon EDM induced by the SM θ term [25–33].
Only recently there has been interest in studying the impact of the leading CP-odd operators
on the nucleon EDM [34–36] and the T-odd pion nucleon couplings [37].

This program, however, comes with several challenges, ranging from controlling the signal-
to-noise ratio on the lattice to studying operator mixing, and matching suitably renormalized
lattice operators to the minimally-subtracted operators typically used in phenomenological
applications. In this paper we focus on defining UV finite CP-odd operators of dimension
five and lower, using a renormalization scheme suitable for implementation on the lattice, and
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matching this scheme to the perturbative MS scheme to one-loop.
The paper is organized as follows. In Section 2, we describe the effective theory frame-

work parameterizing BSM effects at low-energy and identify the leading dimension-5 CPV
operators. In Section 3, we construct the basis of operators needed to study the renormaliza-
tion of the quark chromo-electric dipole moment (CEDM) operator in an off-shell momentum
subtraction scheme with non-exceptional momenta. In Section 4, we present the one-loop
calculations needed to determine the full mixing matrix to O(αs) for the operator basis dis-
cussed in Section 3. In Section 5, we give our results for the matrix of renormalization
constants in the MS scheme, while in Section 6 we specify the renormalization conditions
that define a regularization-independent (RI) momentum subtraction scheme and provide the
O(αs) matching coefficients to the MS scheme. In Section 7, we discuss the consistency of our
renormalization conditions with the singlet axial Ward identities. In Section 8 we compare our
results to recent related work [38] that studies the renormalization of the strangeness changing
chromo-magnetic quark operator. We end with our conclusions and outlook in Section 9.

A number of technical issues are discussed in the Appendices. In Appendix A we summarize
our choice of phase convention used to define the CP transformations. The regularization-
independent calculation is done using off-shell matrix elements with quarks and gluons as
external states in a fixed gauge. In Appendix B we derive the constraints on the mixing
with gauge dependent and off-shell operators imposed by BRST symmetry. The Peccei-Quinn
mechanism and its implications for CPV operators are discussed in Appendix C. In Appendix D
we discuss the subtleties that arise in the isospin symmetry limit. Finally, in Appendix E, we
summarize the matching coefficients between the MS and the RI scheme.

2 Framework
In this section we describe in some detail the hadronic-scale CPV effective Lagrangian induced
by BSM physics at the high scale. The identification of the CPV combinations of short-distance
parameters involves several steps. We start our discussion in Section 2.1 by classifying the
leading BSM-induced operators that can lead to CPV effects at the quark and gluon level.
We then discuss in Section 2.2 the relation between CP and chiral symmetry in presence of
operators that explicitly break chiral symmetry: the CP symmetry that remains unbroken by
the vacuum takes the standard form given in Appendix A only after performing an appropri-
ate chiral rotation of the fields (“vacuum alignment”) that eliminates pion tadpoles [39–41].
In Section 2.3 we implement the vacuum alignment in presence of higher-dimensional opera-
tors induced by BSM physics and in Section 2.4 we summarize the vacuum-aligned effective
Lagrangian including operators up to dimension five.

2.1 CP violation in the Standard Model and beyond

Assuming the existence of new physics beyond the Standard Model (BSM) at a scale ΛBSM �
vew, we can parameterize the BSM effects in terms of local operators of dimension five and
higher, suppressed by powers of the scale ΛBSM. The new operators are built out of SM
fields and respect the SU(3)C × SU(2)W × U(1)Y gauge symmetries of the SM. The leading

2



CP-violating operators appear only at dimension six [42, 43]. Their renormalization group
evolution from the new physics scale down to the hadronic scale has been studied in several
papers, most recently in Refs. [44, 45], and the resulting effective chiral Lagrangian at the
hadronic level has been discussed in Refs. [14,16] (for a review see Ref. [12]).

In this work, we are primarily interested in the structure of the effective Lagrangian includ-
ing new sources of CP violation below the weak scale. After integrating out the top quark, the
Higgs boson, and the W± and Z gauge bosons, the needed operators are invariant under the
SU(3)C × U(1)EM gauge group. At a scale µ < MW,Z , the effective Lagrangian including the
leading (i.e., originating at dimension six) flavor-conserving CP-violating effects at the quark-
and gluon-level can be written as follows:1

Leff = LSM

∣∣
mi=0

−miψ̄Li ψRi −m∗i ψ̄Ri ψLi −
g2

32π2
θGG̃

− vew
2Λ2

BSM

e
(
d

(γ)
i ψ̄LiσµνF

µν ψRi + d
(γ)∗
i ψ̄RiσµνF

µν ψLi

)
− vew

2Λ2
BSM

g
(
d

(g)
i ψ̄LiσµνG

µν ψRi + d
(g)∗
i ψ̄RiσµνG

µν ψLi

)
+

dG
Λ2

BSM

fabcGa
µνG̃

νβ,bGµ,c
β + 4-quark operators , (1)

where e and g are the electric and color charges, vew is the Higgs VEV (vacuum expectation
value), the index i runs over the active quark flavors (at µ ∼ 1 GeV one has i ∈ {u, d, s}), and
G̃µν,b = εµναβGb

αβ/2.
The first line in Eq. (1) contains the Standard Model dimension-4 operators, including the

mass matrix put in the standard diagonal form and a common phase, and the QCD θ-term.
Because of the anomalous Ward identity, a choice of fermion phases can be used to rotate the
θ-term into a CP-odd pseudoscalar quark mass term, instead.

The second and third lines in Eq. (1) contain the BSM contribution due to the quark
magnetic (MDM) and electric dipole moment (EDM), and chromo-magnetic (CMDM) and
chromo-electric dipole moment (CEDM) operators, respectively. Below the weak scale these
operators are of mass-dimension five: their origin as dimension-6 operators at the high scale is
hidden in the overall dimensionless factor of vew/ΛBSM. It is important to note that the phys-
ical meaning of these operators as CP-violating electric or CP-conserving magnetic moments
relies on an implicit chiral phase convention. Similar to the quark mass terms, however, these
operators explicitly break chiral symmetry, thus contributing to vacuum alignment [39]. As
discussed in Section 2.2, the vacuum alignment, in turn, determines the unbroken CP symme-
try, and a chiral rotation—which mixes the EDM and MDM, as well as CEDM and CMDM
operators—may be needed to put the symmetry transformation in the standard form. If no
complex phases appear in the Lagrangian after such a rotation, no physical CP violation can

1Without loss of generality, we have performed a SU(nF )L×SU(nF )R transformation to put the quark mass
matrix in diagonal form, with complex masses sharing a common phase ρ, namely mi = |mi|eiρ. Moreover,
note that the masses mi and θ include (i) possible threshold corrections, i.e., effects that originate from higher
dimensional operators, such as H†HGG̃ and H†Hq̄Lq

′
RH, and (ii) corrections induced by mixing with the

chromo-electric dipole moment at finite quark mass.
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arise. In Section 2.3, we, therefore, discuss the combinations of mi, θ, d
(γ)
i , and d(g)

i that are
independent of such phase choices, and give CP-violating contributions to observables.

Finally, the fourth line in Eq. (1) contains the CP-odd BSM operators that are genuinely of
mass-dimension six at low energy, such as the Weinberg three-gluon operator and four-quark
operators.

In order to convert experimental results on nucleon and nuclear EDMs into bounds or
ranges for the short-distance CP-odd couplings, one needs to compute the effect of the CP-odd
operators in Eq. (1) on hadronic observables, such as the nucleon EDM and the T-odd πNN
couplings. One essential step in connecting the short-distance physics to hadronic observables
involves defining UV finite operators in a suitable scheme, whose matrix elements can then
be computed non-perturbatively using lattice QCD. In this work, we focus on the ultraviolet
divergences and mixing structure of the leading gauge-invariant CP-odd dimension-5 operators,
namely the quark CEDM and EDM. These operators are of great phenomenological interest,
being the leading sources of flavor-diagonal CP violation in several extensions of the SM [3,12].
Moreover, since dimension-5 operators can mix only with operators of dimension up to five
(mixing with lower dimensional operators occurs in mass-dependent renormalization schemes),
we can consistently ignore operators of dimension six and higher, which we leave for future
work.

2.2 CP symmetry and chiral symmetry breaking

In this subsection we discuss the connection between CP and chiral symmetries. The main
point is that explicit chiral symmetry breaking selects the vacuum of the theory [39], as well
as the unbroken CP symmetry. The unbroken CP symmetry takes the standard form given in
Appendix A only after a chiral rotation that eliminates pion tadpoles, i.e., after implementing
vacuum alignment [39] discussed in Section 2.3.

The CP transformation interchanges left-chiral particles with right-chiral anti-particles. It
is implemented on chiral fermion fields by

CP−1ψL CP = iγ2ψ̄L
T

CP−1ψR CP = iγ2ψ̄R
T (2)

where CP is the CP operator (see Appendix A for details). The CP operation does not
commute with chiral rotations, so we can consider its outer automorphisms. In fact, defining
the chiral rotation operator χ̂ via (i labels quark flavors)

χ̂−1ψL,iχ̂ = e−iχi/2ψL,i

χ̂−1ψR,iχ̂ = eiχi/2ψR,i , (3)

one finds

CP−1
χ ψL,i CPχ = ieiχiγ2ψ̄L,i

T

CP−1
χ ψR,i CPχ = ie−iχiγ2ψ̄R,i

T (4)
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where CPχ ≡ χ̂−1CPχ̂. If chiral symmetry is a good symmetry of the Lagrangian L0, then
each of these is an equivalent CP symmetry.

Because of the spontaneous breaking of chiral symmetry, almost all the CPχ are sponta-
neously broken by the vacuum of the theory. In this case, it is convenient to make a chiral
phase choice such that the vacuum has a zero expectation value for all the flavor bilinears of
the form 〈ψ̄iγ5ψj〉. In fact, it is only with this phase choice that the pions, the Goldstone
modes of the broken chiral symmetry, correspond to the operator ψ̄iγ5ψj. With this choice of
phases, in the “reference vacuum”, the CP symmetry CP0 stays unbroken by the vacuum; we
implicitly make this choice throughout this paper.

We next consider the effect of explicit chiral symmetry breaking. For a small explicit
breaking of chiral symmetry, encoded in a new term δL in the Lagrangian L = L0 + ε δL
(with ε � 1), chiral perturbation theory is expected to be a good guide to understanding
the structure of the theory. But, because of the explicit breaking of the chiral symmetry, the
vacuum is no longer degenerate: the explicit breaking chooses a direction in chiral space with
which the vacuum aligns [39]. If this does not match the “reference vacuum”, large corrections
appear due to degenerate perturbation theory.

To avoid this problem, it is convenient to perform a chiral transformation χ̂ so that the
explicit chiral symmetry breaking δL selects the reference vacuum, in which the unbroken CP
symmetry takes the standard form, namely CP0. The way to do this is to impose the condition
that the vacuum state does not mix with the Goldstone state [39–41], i.e.,

〈π|δL|Ω〉 = 0 , (5)

where δL are the chiral breaking terms after such a rotation and |Ω〉 and |π〉 are the reference
vacuum and Goldstone pion states respectively. If the only chiral breaking comes from the
mass terms, this can be accomplished by rotating away the flavor non-singlet CP-violating
mass terms in Eq. (1) by the appropriate chiral transformation χ̂.

2.3 Vacuum alignment in presence of higher-dimensional operators

We now discuss the vacuum alignment in presence of higher-dimensional operators induced
by BSM physics. After a general discussion of the chiral transformation needed to enforce
Eq. (5), we specialize to the case in which the dominant source of chiral symmetry breaking is
provided by the quark masses, and the dominant BSM operators are the quark (C)EDM and
(C)MDM. In this case we present the vacuum-aligned effective Lagrangian in both scenarios
with and without the Peccei-Quinn (PQ) mechanism [46].

Except for GG̃, all terms of dimension five and lower in the Lagrangian defined in Eq. (1)
that violate CP are fermion bilinears that also violate chiral symmetry. Each of these terms
mixes with a CP-conserving one under chiral rotation, and it is conventional to treat the two
as real and imaginary parts of a single operator. Generalizing Eq. (1) let us write the chiral
and CP-violating part of the Lagrangian involving quark bilinears as

δL = −
∑
i,α

[
dαi O

α
i + h.c.

]
= −

∑
i,α

[
Re dαi ReOα

i + Im dαi ImOα
i

]
(6)
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where

Oα
i = ψ̄L,iΓ

αψR,i , ReOα
i = Oα

i +Oα†
i , ImOα

i = i
[
Oα
i −O

α†
i

]
, (7)

i is a flavor index and α parameterizes the different operators, characterized by the structure
Γα. The first few operators are the mass term (α = 0), the quark CEDM (α = 1) and the
quark EDM (α = 2)

d0
iO

0
i + h.c. = ψ̄i[(Remi) + i(Immi)γ5]ψi (8)

d1
iO

1
i + h.c. =

vew
2Λ2

BSM

g ψ̄i

[
(Re d

(g)
i )σµνG

µν + i(Im d
(g)
i )σµνG

µνγ5

]
ψi (9)

d2
iO

2
i + h.c. =

vew
2Λ2

BSM

e ψ̄i

[
(Re d

(γ)
i )σµνF

µν + i(Im d
(γ)
i )σµνF

µνγ5

]
ψi . (10)

In this notation, under a chiral rotation χ̂ (parameterized by χi)

dαi → dαi e
iχi

θ → θ + χ1 + · · ·+ χnF , (11)

and we seek a chiral rotation such that Eq. (5) holds and at the same time θ → 0.
To implement Eq. (5), we need to introduce the non-perturbative matrix elements

∆α
ij ≡ 〈πj| Im Oα

i | Ω〉 (12)

where the state |πj〉 is interpolated by the field ψ̄jiγ5ψj. Then the mixing of the vacuum with
the neutral Goldstone modes (|πj〉 − |πk〉)/

√
2 is proportional to

∑
iα Im dαi (∆α

ij −∆α
ik). The

condition in Eq. (5) for each neutral Goldstone mode (|πj〉 − |πk〉)/
√

2 becomes∑
i,α

Im
(
dαi e

iχi
) [

∆α
ij −∆α

ik

]
= 0 , k = 1, j = 2, ..., nF . (13)

Since the unperturbed Lagrangian L0 is SU(nF )V symmetric, the matrix elements can be
written in terms of two constants, the diagonal ∆α

S and the off-diagonal ∆α
V , defined by ∆α

ij =
∆α
Sδij + ∆α

V (1− δij). Eq. (13) implies, for each flavor i = 1, ..., nF ,∑
α

Im
(
dαi e

iχi
)
r(α) = κ (14)

where r(α) ≡ (∆α
S −∆α

V )/(∆0
S −∆0

V ) (we divided out the matrix elements of the dimension-3
operator ImO0

i = ψ̄iiγ5ψi) and κ is a flavor-independent constant. Defining

di ≡ |di|eiφi ≡
∑
α

dαi r
(α), (15)

the chiral rotation we want needs to satisfy, for each i,

|di| sin(χi + φi) = κ . (16)
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Moreover, to implement θ → 0, one needs θ+
∑

i χi = 0, or, equivalently, the constant κ needs
to satisfy

θ −
∑
i

φi +
∑
i

sin−1(κ|di|−1) = 0 . (17)

Eqs. (16) and (17) provide a system of equations for χi and κ, which does not have a closed
form solution for nF > 2. On making the chiral transformation dictated by Eqs. (16) and (17)
we find that CP violation is proportional to

δLCPV =
∑
i,α

[
κRe

dαi
di

+
√
|di|2 − κ2 Im

dαi
di

]
ImOα

i

≈
∑
i,α

[
−d̄(θ − φtot) Re

dαi
di

+ |di| Im
dαi
di

]
ImOα

i , (18)

where d̄−1 ≡
∑

i |di|−1 and φtot ≡
∑

i φi, and the second line is obtained by solving Eq. (17)
for small κ/|di|, which is appropriate when θ is small and the dominant chiral violation comes
from a real mass term (the latter condition implies φi � 1).

Notice that if there is a single operator Oα
i that is the only source of CP violation, then

di ∝ dαi , and the second term is zero. This is because in this case this term is also the only term
that explicitly breaks the chiral symmetry and the vacuum aligns itself with this direction.
As a result, performing a chiral rotation to make the vacuum have the conventional chiral
phase removes any imaginary part from the operator, and CP violation can only come from
the anomalous chiral rotations. In this case, however, the CP violation is proportional to the
harmonic sum of the chiral violations from each flavor, and therefore vanishes if any flavor
remains chirally symmetric.

In what follows, we will instead consider the situation where the dominant chiral breaking
is always due to the α = 0 mass term, i.e., di ∝ d0

i approximately, and consider the case where
all flavors are massive. Only in this case, the dominant source of CP violation is proportional
to Im dαi . Consistent with this assumption, when studying mixing and renormalization we will
keep in the operator basis terms proportional to the quark mass matrix.

With these assumptions and after vacuum alignment, the explicit form of Eq. (18), spe-
cialized to the case of a Lagrangian containing a mass term, quark EDM, and quark CEDM,
is

δLCPV = ψ̄iγ5ψm∗

(
θ̄ − r

2
Tr
[
M−1

(
[dCE]−m∗θ̄M−1 [dCM ]

)])
+
r

2
ψ̄iγ5

(
[dCE]−m∗θ̄M−1 [dCM ]

)
ψ

− ig

2
ψ̄σµνγ5G

µν
(
[dCE]−m∗θ̄M−1 [dCM ]

)
ψ

− ie

2
ψ̄σµνγ5 F

µν
(
[dE]−m∗θ̄M−1 [dM ]

)
ψ , (19)

where we defined r ≡ r(1) = (∆1
S − ∆1

V )/(∆0
S − ∆0

V ) and neglected r(2) = O(αEM r(1)). We
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further defined

ψ =

u

d

s

 , M =

mu 0 0

0 md 0

0 0 ms

 , (20)

and the matrix-valued CEDM and CMDM couplings as

[dCE] =
vew

Λ2
BSM

 Im d
(g)
u 0 0

0 Im d
(g)
d 0

0 0 Im d
(g)
s

 , [dCM ] =
vew

Λ2
BSM

Re d(g)
u 0 0

0 Re d(g)
d 0

0 0 Re d(g)
s

 ,

(21)
with analogous definitions for the electric [dE] and magnetic [dM ] couplings. Finally, θ̄ =
θ − nFρ with nFρ the phase of the determinant of the mass matrix before the anomalous
chiral rotation renders it real, and m∗ is the reduced quark mass

m∗ =
msmdmu

ms(mu +md) +mumd

. (22)

The first term in Eq. (19) is the familiar θ̄ term, shifted by a correction proportional to the
quark CEDM and a second correction, proportional to the coefficients of the CMDMmultiplied
by θ̄. The third and fourth lines of Eq. (19) contains the quark (C)EDM operators, which after
vacuum alignment receive a correction proportional to the (C)MDM coefficient multiplied by
θ̄. Moreover, vacuum alignment causes the appearance of a complex mass term, proportional
to the same combination of the CEDM and CMDM coefficients (second line of Eq. (19)).

The above discussion is valid in absence of PQ mechanism [46]. As we review in Ap-
pendix C, if CP violation arises only from the mass term, the PQ mechanism dynamically
relaxes θ̄ to zero. In the presence of other CP-violating sources, like the quark CEDM, the
Peccei-Quinn (PQ) mechanism causes θ̄ to relax to a non-zero value θ̄ind, proportional to the
new source of CP violation. In particular, as we discuss in further detail in Appendix C, in
the presence of the quark CEDM

θ̄ind =
r

2
Tr
[
M−1 [dCE]

]
, (23)

thus enforcing a cancellation between the first two terms in Eq. (19). Since θ̄ind is suppressed
by two powers of ΛBSM, terms proportional to θ̄[dCM ] in Eq. (19) become effectively dimension
eight, and can be neglected. Thus, if the PQ mechanism is at work, the first line of Eq. (19)
vanishes and the terms proportional to θ̄ in the second and third line of Eq. (19) can be
neglected, leading to

δLPQCPV =
r

2
ψ̄iγ5 [dCE]ψ − ig

2
ψ̄σµνγ5G

µν [dCE]ψ − ie

2
ψ̄σµνγ5 F

µν [dE]ψ , (24)

with both CEDM and pseudoscalar quark density with flavor structure dictated by [dCE].
Eq. (19) and Eq. (24) provide the vacuum-aligned low-energy Lagrangians, in presence of

BSM sources of CP and chiral symmetry violation. They are particularly useful within the
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chiral perturbation theory framework, as they guarantee the cancellation of tadpole diagrams
in which Goldstone modes are absorbed by the vacuum. This form of the CP-violating per-
turbation allows one to identify what non-perturbative matrix elements are needed in order
to address the impact of a BSM-induced CEDM operator on the nucleon EDM, i.e., the de-
pendence of dn on [dCE]. Both with and without PQ mechanism the effective Lagrangian
involves the CEDM operator as well as flavor singlet and non-singlet pseudoscalar quark op-
erators. Moreover, at the lowest order, the effect of flavor non-singlet ψ̄iγ5t

3,8ψ operators
is proportional to insertions of the flavor-singlet density ψ̄iγ5ψ. This is very simple to see
within the functional integral approach, in which ψ̄iγ5t

3,8ψ can be eliminated through a non-
anomalous axial rotation. The same result can be obtained within an operator approach. In
this framework, using soft-pion techniques, one can show that a cancellation occurs between
non-tadpole and tadpole diagrams with insertion of ψ̄iγ5t

3,8ψ, leaving a term proportional to
the insertion of ψ̄iγ5ψ. In absence of PQ mechanism, the resulting flavor-singlet pseudoscalar
insertion proportional to [dCE] cancels exactly the existing singlet term in Eq. (19). If the PQ
mechanism is operative, the resulting flavor-singlet pseudoscalar insertion is proportional to
m∗θ̄ind. The net effect is equivalent to replacing Eqs. (19) and (24) with

δLCPV = m∗ θ̄ ψ̄iγ5ψ −
ig

2
ψ̄σµνγ5G

µν
(
[dCE]−m∗θ̄M−1 [dCM ]

)
ψ

− ie

2
ψ̄σµνγ5 F

µν
(
[dE]−m∗θ̄M−1 [dM ]

)
ψ (25a)

δLPQCPV = m∗ θ̄ind ψ̄iγ5ψ −
ig

2
ψ̄σµνγ5G

µν [dCE]ψ − ie

2
ψ̄σµνγ5 F

µν [dE]ψ . (25b)

These can be regarded as partially aligned effective Lagrangians, in which only the domi-
nant mass term has been aligned to eliminate pion tadpoles, while the BSM perturbation is
not aligned. While the physics cannot depend on the choice of equivalent parameterization
Eq. (19), Eq. (24) and Eq. (25), use of different effective Lagrangians is a matter of con-
venience, depending on the non-perturbative approach employed to study hadronic physics.
Starting from the Lagrangian in Eq. (25), in the chiral effective theory approach tadpole di-
agrams arise, that can be dealt within perturbation theory [14]. On the other hand, in a
non-perturbative approach based on the functional integral, such as lattice QCD, the partially
aligned Lagrangian can be more convenient: it shows that the only needed non-perturbative
matrix elements involve the (C)EDM operator and the singlet pseudoscalar density (or equiv-
alently GG̃).

2.4 CP-violating effective Lagrangian at the hadronic scale

To summarize the above discussion, at the hadronic scale (µ ∼ 1 GeV) the vacuum-aligned
flavor-conserving effective Lagrangian including the leading BSM sources of CP violation (up
to dimension five) can be written as follows,

L = LQCD+QED − ψ̄Mψ − ψ̄ [δM] iγ5ψ

− ie

2
ψ̄σµνγ5F

µν [DE]Qψ − ig

2
ψ̄σµνγ5G

µν [DCE]ψ , (26)
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where

Q =

 qu 0 0

0 qd 0

0 0 qs

 . (27)

Here we are neglecting operators that are total derivatives and/or vanish by using the equations
of motion (EOM), needed later on when we impose off-shell renormalization conditions at finite
momentum insertion. The matrix-valued CP-violating couplings [δM], [DCE], [DE] are related
to the short-distance couplings of Eq. (1) via Eq. (21) and Eq. (19) or Eq. (24), depending on
whether or not the PQ mechanism is assumed. The pseudoscalar mass term [δM] in general
has a non-singlet structure in flavor space, though at leading order, its physical effects can be
related to a flavor-singlet mass term as discussed in Section 2.3 (see Eqs. (25)).

3 CP-odd operators of dimension ≤ 5

The only T-odd and P-odd operators of dimension five appearing in the low-energy effective
Lagrangian Eq. (26) are the quark EDM and CEDM, whose mixing and renormalization we
wish to discuss.

The analysis of the quark EDM is relatively simple: this operator is a quark bilinear
from the point of view of strong interactions, and it is simply related to the tensor density.
Knowledge of the nucleon tensor charges immediately allows one to extract the contribution
of the quark EDM to the nucleon EDM [47, 48]. To lowest (zeroth) order in electroweak
interactions, this operator renormalizes diagonally, precisely as the tensor density. Since we
are not interested in the hadronic matrix elements to a precision of order αEM/π < 1%, we
neglect the quark EDM mixing with any other operator.

On the other hand, the quark CEDM operator does not renormalize diagonally: it mixes
with the quark EDM and other operators of dimension five or lower. The mixing structure is
particularly rich if one considers renormalization within a so-called regularization-independent
(RI), momentum subtraction (MOM) scheme, amenable to non-perturbative calculations in
lattice QCD [49]. In this family of schemes the renormalization conditions are imposed on
off-shell quark matrix elements in a fixed gauge, thus requiring the inclusion of operators that
do not contribute to physical matrix elements, such as total derivatives and operators that
vanish on-shell by using the equations of motion (EOM). We next discuss the relevant operator
basis, the mixing structure, and the strategy to determine the renormalization matrix.

3.1 Operator basis

The implementation of RI momentum subtraction schemes requires working in a fixed gauge.
With gauge fixing, full gauge invariance is lost and the action is only invariant under BRST
transformations [50, 51]. A given gauge invariant operator O (we have in mind the quark
CEDM) mixes under renormalization with two classes of operators of the same (or lower)
dimension [52,53]: (i) gauge-invariant and ghost-free operators with the same symmetry prop-
erties as O (Lorentz, CP, P) that do not vanish by the EOM; (ii) “nuisance” operators allowed
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by the solution to the Ward Identities associated with the BRST symmetry: these vanish by
the EOM and need not be gauge invariant. The “nuisance” operators can be constructed as
off-shell BRST variation of operators that have ghost number −1, but otherwise with same
symmetry properties as O, as discussed in Ref. [52] and detailed in Appendix B.2

Following the above general prescription, we have constructed the basis of CP-odd (T- and
P-odd) operators that mix with the quark CEDM operator (the CP transformation properties
of fields are reviewed in Appendix A). We present our results for nF = 3. To restrict the
possible structures in flavor space we use the spurion method. While the effective Lagrangian
in Eq. (26) is not invariant under chiral transformations on the quark fields ψL,R → UL,RψL,R
with UL,R ∈ SU(3)L,R, one can formally recover chiral invariance by assigning spurion trans-
formation properties to the CEDM coupling matrix ([DCE]→ UL[DCE]U †R), the mass matrix
(M → ULMU †R), and the charge matrix (Q → UL,RQU

†
L,R). One then includes in the basis

operators that are chirally invariant in the spurion sense, and are linear in the CEDM spurion
[DCE]. Eventually, we set [DCE] → ta (a = 0, 3, 8), where t0 = 1/

√
6I3×3 is proportional to

the identity matrix in flavor space, while for a = 3, 8, ta = λa/2, with λa the SU(3) Gell-Mann
matrices (normalizations are such that TrF (tata) = 1/2 for a = 0, 3, 8).

In our basis we include operators proportional to the quark mass matrix for two reasons:
(i) the identification of the CPV terms in Eq. (26) assumed the quark mass to be the dominant
source of explicit chiral symmetry breaking; (ii) we wish to include the effect of the strange
quark, for which ms/ΛQCD is not a big suppression parameter.

Finally, in order to present the operators that vanish by the EOM in a compact form, we
introduce the combinations:

ψE ≡ (iDµγµ −M)ψ , Dµ = ∂µ − igAaµT a − ieQA(γ)
µ (28)

ψ̄E ≡ −ψ̄ (i
←−
Dµγµ +M) ,

←−
Dµ =

←−
∂ µ + igAaµT

a + ieQA(γ)
µ . (29)

Note that ψE transforms under CP in the same way as ψ (see Appendix A).
Next, we enumerate the operators of dimension five and lower that can mix with the quark

CEDM:
C = ig ψ̄taσµνγ5Gµνψ , (30)

labeled by the flavor-diagonal structure ta (a = 0, 3, 8). We will use the notation O
(d)
i to

indicate the ith operator of dimension d. If the regularization breaks chiral symmetry, i.e. an
additional left-right spurion (proportional to the identity in the case of Wilson fermions) is
present in the effective Lagrangian, the CEDM operator can mix with additional operators.
While we will restrict our analysis to the case of good chiral symmetry (which can be attained
on the lattice by using domain-wall [55] or overlap [56] fermions), we will nonetheless identify
the additional operators appearing at a given dimensionality. Finally, note that there are no
CP-odd operators containing ghost-antighost fields up to and including dimension five.

2See Ref. [54] for an application of this formalism to the CP-even sector of QCD. There is a one-to-one
correspondence between our operator basis and the one of Ref. [54], provided we drop the total-derivative
operators from our basis and set m = 0, as done in Ref. [54].
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3.1.1 Dimension 3

At dimension three there is only one operator allowed by the symmetries:

O(3) ≡ P = ψ̄iγ5t
aψ . (31)

This operator mixes with the quark CEDM even in the absence of other sources of chiral
symmetry breaking, such as mass terms or regularization artifacts. Therefore, the lattice
operator CL requires subtraction of power divergences due to mixing with the lower dimen-
sional operator PL.3 Defining the subtracted operator C ≡ CL − Z̃PL, one can determine Z̃
by requiring that the quark two-point function vanishes at a given symmetric kinematic point
p2 = p′2 = q2 = −Λ2

0 for mq → 0, namely Tr
(

Γ
(2)
C γ5t

a
)

Λ0

= 0.

3.1.2 Dimension 4

Assuming good chiral symmetry, there are no dimension-4 operators that mix with the quark
CEDM operator. If the regularization breaks chiral symmetry in a flavor blind fashion, the
CEDM can mix with the following operators:

GG̃ , ∂µ(ψ̄γµγ5t
aψ), ψ̄iγ5 {M, ta}ψ, Tr [Mta] ψ̄iγ5ψ, Tr [M] ψ̄iγ5t

aψ. (32)

3.1.3 Dimension 5

At dimension five, fourteen Hermitean operators are present. The first ten operators are
gauge-invariant and do not vanish by the EOM. The latter four are “nuisance” operators. To
all operators we assign a number and also a more suggestive name:

O
(5)
1 ≡ C = ig ψ̄σ̃µνGµνt

aψ σ̃µν ≡ 1

2
(σµνγ5 + γ5σ

µν) (33)

O
(5)
2 ≡ ∂2P = ∂2

(
ψ̄iγ5t

aψ
)

(34)

O
(5)
3 ≡ E =

ie

2
ψ̄σ̃µνFµν{Q, ta}ψ (35)

O
(5)
4 ≡ (mFF̃ ) = Tr

[
MQ2ta

] 1

2
εµναβFµνFαβ (36)

O
(5)
5 ≡ (mGG̃) = Tr [Mta]

1

2
εµναβGb

µνG
b
αβ (37)

O
(5)
6 ≡ (m∂ · A)1 = Tr [Mta] ∂µ

(
ψ̄γµγ5ψ

)
(38)

O
(5)
7 ≡ (m∂ · A)2 =

1

2
∂µ
(
ψ̄γµγ5 {M, ta}ψ

)
− 1

3
Tr [Mta] ∂µ

(
ψ̄γµγ5ψ

)
(39)

3Since dimensionally regularized operators do not mix with lower dimensional operators at any finite order
in perturbation theory, we will, when necessary, use a subscript L for operators regularized in a scheme, like
the lattice, that includes a hard cutoff.
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O
(5)
8 ≡ (m2P )1 =

1

2
ψ̄iγ5

{
M2, ta

}
ψ (40)

O
(5)
9 ≡ (m2P )2 = Tr

[
M2

]
ψ̄iγ5t

aψ (41)

O
(5)
10 ≡ (m2P )3 = Tr [Mta] ψ̄iγ5Mψ (42)

O
(5)
11 ≡ PEE = iψ̄Eγ5t

aψE (43)

O
(5)
12 ≡ ∂ · AE = ∂µ[ψ̄Eγ

µγ5t
aψ + ψ̄γµγ5t

aψE] (44)

O
(5)
13 ≡ A∂ = ψ̄γ5/∂t

aψE − ψ̄E
←−
/∂ γ5t

aψ (45)

O
(5)
14 ≡ AA(γ) =

ie

2

(
ψ̄{Q, ta}/A(γ)γ5ψE − ψ̄E{Q, ta}/A(γ)γ5ψ

)
. (46)

With a flavor blind breaking of chiral symmetry, the CEDM can mix with additional
dimension-5 operators, namely:

Tr [M] ∂µ(ψ̄γµγ5t
aψ), Tr [M] ψ̄iγ5Mtaψ, (TrM)2 ψ̄iγ5t

aψ,

Tr [M2ta] ψ̄iγ5ψ, Tr [M]Tr [Mta] ψ̄iγ5ψ . (47)

In the perturbative analysis presented below, we will use dimensional regularization. For γ5

we will present results for both the naïve anti-commuting scheme known as naïve dimensional
regularization (NDR) and the consistent ’t Hooft-Veltman (HV) scheme (see [53] and references
therein). It is important that the regulator does not break the hermiticity of the operator basis:
when considering operator insertions in the dimensionally regulated theory, care must be taken
to ensure that the operators remain Hermitean for arbitrary space-time dimension d. This is
essential in order to obtain correct results for the finite parts of the diagrams. In what follows
we will need to insert O(5)

1 in loop diagrams, so we provide in Eq. (33) the explicit Hermitean
form of O(5)

1 , valid both in HV and NDR schemes.

3.2 Mixing structure and Renormalization Conventions

The relation between renormalized operators (Oi) in any given scheme and bare operators
(O(0)

i ) (expressed in terms of the bare fields) can be written as:

O
(0)
i = Zij Oj . (48)

The renormalization mixing matrix Zij is scheme-dependent and has the general structure
given in Table 1 4. This structure is dictated by several considerations, including (i) power-
counting (some operators are effectively of dimension three and four with either factors of
masses or external derivatives and cannot mix with genuinely dimension-5 operators); (ii)
BRST invariance [52]; (iii) vanishing by EOM or at zero four-momentum injection. Indicating

4Working to first order in insertions of the new physics operator, each sector labeled by the diagonal flavor
structure ta (a = 0, 3, 8) renormalizes independently, so that the renormalization matrix has a block-diagonal
form in flavor space.
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the gauge-invariant operators that do not vanish on using the EOM (O(5)
i for i = 1, ..., 10) by

Oα and the “nuisance” operators (O(5)
i for i = 11, ..., 14) by Nα, the renormalization matrix

has the block-structure (
O(0)

N (0)

)
=

(
ZO ZON

0 ZN

) (
O

N

)
. (49)

The divergent part of ZO (proportional to 1/(d− 4) in dimensional regularization or log Λ2 in
a cutoff theory), controlling the physical anomalous dimension, is independent of the gauge-
fixing choice [52].

In the following we will provide ZO in the MS scheme and in a momentum subtraction
scheme to one loop order. We will perform the calculations in dimensional regularization
(d = 4 − 2ε) and will present results in both the HV and NDR schemes [53] for γ5 and
the γ-matrix algebra (we use the definition of γ5 and εµναβ given in Ref. [57]). To extract
the operator renormalization matrix we define the field, coupling, and mass renormalization
constants as

ψ(0) =
√
Zψ ψ (50a)

A(0)
µ =

√
ZGAµ (50b)

g(0) = Zg g µ
ε
MS

µMS ≡ µ
eγE/2

(4π)1/2
(50c)

m(0) = Zmm . (50d)

Here, as usual, µ denotes an arbitrary parameter with dimensions of mass, introduced to
keep the renormalized coupling g dimensionless ([g] = 0), while [m] = 1, [ψ] = 3/2 − ε, and
[Aµ] = 1− ε. Note that g and αs ≡ g2/(4π) depend on both µ and ε, so that dαs/d(log µ) =
−2εαs +O(α2

s).
Finally, let us discuss different conventions for the renormalization factors for fields, cou-

plings, masses, and operators, generically denoted by Z. Our definitions in Eqs. (48) and (50)
follow the notation typically used in the perturbative QCD literature (see for example [58]).
However, we warn the reader that the lattice community typically uses a different convention
(fleshed out explicitly in Ref. [59]), which is related to the one followed here by replacing
everywhere Z → Z−1.

4 Green’s function calculations
In order to determine Zij and the relation between MS and the RI-S̃MOM scheme to be defined
in Section 6 below, we will study amputated two- and three-point functions5 with operator
insertion. These are shown in Fig. 1 and defined as follows:∫

d4x e−iq·x 〈g(p′, ε∗
′
)|O(x) |g(p, ε)〉 = (2π)4 δ(4)(q + p− p′) ε∗

′

µ (p′) ΓµνO (p, p′) εν(p) (51)

5Since the terminology of lattice simulations also counts the points at which the operator is inserted, these
correspond to three- and four- point functions in that terminology.
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C ∂2P E mFF̃ mGG̃ (m∂ ·A)1 (m∂ ·A)2 (m2P )1 (m2P )2 (m2P )3 PEE ∂ ·AE A∂ AA(γ)

C x x x x x x x x x x x x x x
∂2P x
E x

mFF̃ x
mGG̃ x x

(m∂ ·A)1 x
(m∂ ·A)2 x
(m2P )1 x
(m2P̂ )2 x
(m2P̂ )3 x

PEE x x x
∂ ·AE x
A∂ x x x x

AA(γ) x

Table 1: Mixing structure of the dimension-5 operators, with “x” representing non-zero entries.
Throughout, we neglect effects proportional to the electroweak coupling αEW .∫

d4x e−iq·x 〈q(p′)|O(x) |q(p)〉 = (2π)4 δ(4)(q + p− p′) ū(p′)Γ
(2)
O (p, p′)u(p) (52)∫

d4x e−iq·x 〈q(p′), g(k, ε∗)|O(x) |q(p)〉 = (2π)4 δ(4)(q + p− p′ − k) ū(p′)Γ
(3)
O (p, p′, k)u(p).(53)

To minimize notational clutter in the above equations and throughout the paper we will
suppress the color indices, which can be restored as follows. The gluon two-point function
ΓµνO carries the color structure δcc′ , where c, c′ are the octet color indices labeling the two
amputated gluon external legs. The quark two-point function Γ

(2)
O carries the color structure

δij, where i, j are the color indices labeling the two amputated quark external legs. The
quark-quark-gluon three-point function Γ

(3)
O carries the color structure T bij, where b is the

octet color index labeling the amputated gluon external leg and i, j are the color indices
labeling the amputated quark external legs. Moreover, in our notation Γ

(3)
O is linear in the

gluon polarization vector, i.e. Γ
(3)
O = εb∗µ (k) Γ

(3)µ
O . Analogous definitions exist for the photon

two-point function and the quark-quark-photon three-point function, which we will denote
by Γ

µν(γ)
O (p, p′) and Γ

(3,γ)
O (p, p′, k) (the latter carries color structure δij). The assignment of

momentum flow in these two- and three-point functions with operator insertion is shown in
Fig. 1.

In any scheme, the renormalization factors Zij introduced in Eq. (48) can then be deter-

15



Figure 1: Momentum flow of generic diagrams contributing to the quark-quark, gluon-gluon,
and quark-quark-gluon Green’s functions with operator insertion. The shaded blob represents
the operator insertion with incoming 4-momentum q and higher order corrections. In the
four-point function, the gluon (photon) momentum is labeled by k.

mined by imposing conditions on the two- and three-point functions defined above. Working
to first order in αs, the needed Green’s functions with insertion of O(5)

1 ≡ C read:

Γ
(2)
C = Γ

(2)
C

∣∣∣
1−loop

+
∑
j 6=1

(Z−1)1j Γ
(2)

O
(5)
j

∣∣∣
tree

(54)

Γ
(3)
C = Γ

(3)
C

∣∣∣
1−loop

+
(
ZψZg

√
ZG (Z−1)11 − 1

)
Γ

(3)
C

∣∣∣
tree

+
∑
j 6=1

(Z−1)1j Γ
(3)

O
(5)
j

∣∣∣
tree

(55)

ΓµνC = ΓµνC

∣∣∣
1−loop

+
∑
j 6=1

(Z−1)1j Γµν
O

(5)
j

∣∣∣
tree

. (56)

The simplest perturbative scheme is MS, in which one determines the (Z−1)1j by requiring
cancellation of the poles in ε = (4− d)/2. Similar relations involving insertions of O(5)

i 6=1 allow
one to determine the remaining entries Zij of the renormalization matrix. This program
requires computing the tree-level and one-loop results for the two- and three-point functions,
to which we turn next.

4.1 Tree level matrix elements

In this section we give tree-level results for the gluon two-point functions ΓµνO (p, p′), the quark
two-point functions Γ

(2)
O (p, p′), the gluon-quark-quark three-point functions Γ

(3)
O (k, p, p′), and

the photon-quark-quark three-point functions Γ
(3,γ)
O (k, p, p′), for all the relevant operators O(d)

i .
The only operator with non-zero two-gluon matrix element at tree level is O(5)

5 ≡ mGG̃:

Γµν
O

(5)
5

(p, p′) = Tr [Mta]× 4 εµναβpαp
′
β . (57)

An analogous result holds for the photon two-point function Γ
µν(γ)

O
(5)
4

(p, p′).

In Tables 2, 3, and 4, we give the tree-level 1-particle irreducible (1PI) matrix elements
Γ

(2)
O (p, p′), Γ

(3)
O (k, p, p′), and Γ

(3γ)
O (k, p, p′) for each operator. Throughout, we use the notation:

σ(a, b) ≡ aµσ
µνbν
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εµ(a, b, c) ≡ εαβρµ a
αbβcρ . (58)

Finally, for a given operator O, non-1PI tree level contributions to the three-point functions
(see Fig. 2) can be expressed in terms of quark and gluon two-point functions as follows

Γ
(3)
O (p, p′, k) = −g /ε∗

/k + /p′ +m

s−m2
Γ

(2)
O (p, k + p′)− gΓ

(2)
O (p− k, p′) /

p− /k +m

u−m2
/ε∗

− g

t
γµ ΓµνO (p− p′, k) ε∗ν , (59)

where s = (p′ + k)2, u = (p− k)2, t = (p′ − p)2.

O Γ
(2)
O

O(3) = P iγ5t
a

O
(5)
2 = ∂2P −iq2γ5t

a

O
(5)
6 = (m∂ · A)1 Tr [Mta] i/qγ5

O
(5)
7 = (m∂ · A)2

(
1
2
{M, ta} − 1

3
Tr [Mta]

)
i/qγ5

O
(5)
8 = (m2P )1

1
2
{M2, ta} iγ5

O
(5)
9 = (m2P )2 Tr [M2ta] iγ5

O
(5)
10 = (m2P )3 Tr [Mta] iMγ5

O
(5)
11 = PEE −i

[
p · p′ ta − 1

2
{M2, ta}+ iσ(p, p′) ta + 1

2
{M, ta} /q

]
γ5

O
(5)
12 = ∂ · AE i

[
q2 ta − {M, ta} /q − 2iσ(p, p′) ta

]
γ5

O
(5)
13 = A∂ −i

[
(p2 + p′2)ta − 1

2
{M, ta} /q

]
γ5

Table 2: Non-vanishing tree-level 2-point functions with operator insertion. For notational
conventions and momentum flow, see discussion below Eq. (53).

4.2 One-loop Green’s functions with CEDM insertion

At one-loop level, we regulate the diagrams with dimensional regularization, following the
notation introduced in Section 3.2. Working in general covariant gauge (with gauge fixing
parameter ξ) 6, we have computed both the divergent and finite parts of the Green’s functions

6 Feynman gauge corresponds to ξ = 1, while Landau gauge corresponds to ξ = 0.
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O Γ
(3)
O (1PI)

O
(5)
1 = C 2g σ(ε∗, k)γ5t

a

O
(5)
11 = PEE −ig

[
ε∗ · (p+ p′)− iσ(ε∗, p− p′)

]
γ5t

a

O
(5)
12 = ∂ · AE 2g σ(ε∗, q)γ5t

a

O
(5)
13 = A∂ −ig

[
ε∗ · (p+ p′) + iσ(ε∗, p− p′ − 2k)

]
γ5t

a

Table 3: Non-vanishing tree-level 1PI quark-quark-gluon 3-point functions. For notational
conventions and momentum flow, see discussion below Eq. (53).

O Γ
(3,γ)
O (1PI)

O
(5)
3 = E e{Q, ta} σ(ε∗, k)γ5

O
(5)
11 = PEE − ie

2
{Q, ta}

[
ε∗ · (p+ p′)− iσ(ε∗, p− p′)

]
γ5

O
(5)
12 = ∂ · AE e{Q, ta} σ(ε∗, q)γ5

O
(5)
13 = A∂ − ie

2
{Q, ta}

[
ε∗ · (p+ p′) + iσ(ε∗, p− p′ − 2k)

]
γ5

O
(5)
14 = AA(γ) − ie

2
{Q, ta}

[
ε∗ · (p+ p′)− iσ(ε∗, p− p′)

]
γ5

Table 4: Non-vanishing tree-level 1PI quark-quark-photon 3-point functions. For notational
conventions and momentum flow, see discussion below Eq. (53).

Figure 2: Non-1PI diagrams contributing to the quark three-point function. The shaded blob
represents the 1PI contribution to the relevant two-point function with operator insertion.

Figure 3: Diagrams contributing to the quark two-point function. The dot denotes the inser-
tion of the CEDM operator.
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at generic kinematic points, before specializing to non-exceptional momentum configurations
needed to define the operators in the RI-S̃MOM scheme (see Section 6). Specifically, for the
two-point functions (with p+q = p′) we work at the symmetric point p2 = p′2 = q2 = −Λ2. For
the three-point functions (p+ q = p′+k) we work at the non-symmetric point S̃ characterized
by p2 = p′2 = k2 = q2 = s = u = t/2 = −Λ2. We will provide the motivation behind this
choice in Section 6.

Throughout this work we will denote the SU(NC) color factors as follows:

CF =
N2
C − 1

2NC

, CA = NC , TF =
1

2
. (60)

4.2.1 Quark two-point function

At one loop, Γ
(2)
C (p, p′) receives contributions from the diagrams in Fig. 3 and reads:

Γ
(2)
C (p, p′) =

iαs
4π

{(
p2 + p′2

)
γ5t

a

[
3CF

(
1

ε
+ log

µ2

Λ2

)
+ f0

]

+ {M, ta}/qγ5

[
−3CF

2

(
1

ε
+ log

µ2

Λ2

)
+ f1 +O

(
m2
q

Λ2

)]

+ {M2, ta}γ5

[
−6CF

(
1

ε
+ log

µ2

Λ2

)
+ f2 +O

(
m2
q

Λ2

)] }
, (61)

where

fHV0 =
22

9
× 3CF , fNDR0 =

4

3
× 3CF (62)

fHV1 = −3CF , fNDR1 = −2

3
× 3CF (63)

fHV2 = −10

3
× 3CF , fNDR2 = −2

3
× 3CF . (64)

4.2.2 Gluon two-point function

As illustrated in Fig. 4, at one loop level three diagrams contribute to the gluon two-point
function with insertion of the CEDM operator, ΓµνC (p, p′), defined in Eq. (51). The third
diagram vanishes due to the anti-symmetry of σµν , while the other two contribute

ΓµνC (p, p′) =
αs
4π

Tr [Mta] Γµν
GG̃

(p, p′)

[
2

(
1

ε
+ log

µ2

Λ2

)
+ 4 +O

(
m2
q

Λ2

)]
, (65)

where Γµν
GG̃

(p, p′) = 4 εµναβpαp
′
β (see Eq. (57)). This result allows us to identify the mixing

between the CEDM operator C and the operator O(5)
5 = mGG̃.
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Figure 4: Diagrams contributing to the gluon two-point function. The dot denotes the insertion
of the CEDM operator.

4.2.3 Quark-quark-gluon three-point function

We now turn to the quark-quark-gluon three-point function with insertion of the chromo-
electric operator, Γ

(3)
C (p, p′, k), defined in Eq. (53). In all diagrams we chose to eliminate the

four-momentum qµ in favor of (k + p′ − p)µ. The amputated three-point function receives
contributions from 1PI diagrams (see Fig. 5), non-1PI diagrams (see Fig. 2), and quark and
gluon wave-function renormalization. In this section we summarize our results for the 1PI
diagrams and note that the non-1PI contributions of Fig. 2 are determined by the one-loop
results for the quark and gluon two-point functions Γ

(2)
C and ΓµνC presented in Eqs. (61) and

(65), as detailed in Eq. (59). As we will discuss in Section 6, we can choose a kinematic point
and appropriate conditions so that the non-1PI diagrams are not needed to determine the
RI-S̃MOM renormalization constants.

Γ
(3)
C (p, p′, k) can be decomposed in terms of sixteen spinor structures, and is characterized

by sixteen scalar coefficients c1,...,16
7

Γ
(3)
C =

[
c1γ5 + c2ε(ε

∗, k, p, p′) + c3/ε
∗γ5 + c4/kγ5 + c5/pγ5 + c6/p

′γ5 (66)

+ c7εµ(ε∗, k, p)γµ + c8εµ(ε∗, k, p′)γµ + c9εµ(ε∗, p, p′)γµ + c10εµ(k, p, p′)γµ

+ c11σ(ε∗, k)γ5 + c12σ(ε∗, p)γ5 + c13σ(ε∗, p′)γ5

+ c14σ(k, p)γ5 + c15σ(k, p′)γ5 + c16σ(p, p′)γ5

]
.

The coefficients ci are functions of the invariants p2, p′ 2, k2, q2, s, t, u, and ε∗ · (p± p′). The
ci’s can be expressed in terms of triangle and bubble scalar integrals and their derivatives
with respect to the invariants they depend on. For a generic kinematic configuration, the
result involves logarithms and dilogarithms of ratios of invariants, and logarithms of ratios
of the invariants to the renormalization scale µ. Working at the RI-S̃MOM kinematic point
p2 = p′ 2 = k2 = q2 = s = u = t/2 = −Λ2, and in the massless limit, greatly simplifies the
integrals, reducing them to single-scale integrals. At this point, the triangle scalar integrals
collapse to constants, and contribute in two forms. First, triangles that are functions of three
invariants that become equal at the renormalization point, like p2, k2 and s, or p′2, k2 and u,
are proportional to the constant

ψ =
2

3

(
ψ(1)

(
1

3

)
− 2

3
π2

)
, (67)

7Hermiticity of the operator implies constraints among the various coefficients, such as c12 = −c13, which
we have used to check our calculation.
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Figure 5: 1PI diagrams contributing to the quark three-point function. The dot denotes the
insertion of the CEDM operator.

called C0 in Ref. [59]. Here ψ(1) denotes the first derivative of the Digamma function. Second,
triangles that depend on the invariants p2, p′ 2 and t are proportional to the Catalan constant,
which can also be expressed in terms of the first derivative of the Digamma function

K =
1

8

(
ψ(1)

(
1

4

)
− π2

)
. (68)

The only other non-rational number occurring in the result is log(2), which originates from
the choice t = −2Λ2.

Next, we give the UV divergent parts of the diagrams in Fig. 5, and the finite pieces of
those Dirac structures that give non-vanishing contributions to the projections used to define
the quark CEDM operator in the RI-S̃MOM scheme (see Section 6). The quark-quark-gluon
three-point function is

Γ
(3)
C (p, p′, k) = g

αs
4π

{
2σ(ε∗, k)γ5

[(
CF (ξ − 2) + CA

(
11

4
+
ξ

4

))(
1

ε
+ log

µ2

Λ2

)
+ k1

]
+ σ(ε∗, p− p′)γ5

[
−3CA

4

(
1

ε
+ log

µ2

Λ2

)
+ k2

]
+ i(p+ p′) · ε∗γ5

[(
6CF −

3

4
CA

)(
1

ε
+ log

µ2

Λ2

)
+ k3

]}
ta + . . . (69)

where, here and later, . . . denotes the contribution of the Dirac structures that are not relevant
to defining the quark CEDM in RI-S̃MOM scheme. The constants k1, k2 and k3 depend on
the definition of γ5 in d-dimension. In the ’t Hooft-Veltman scheme, they are given by

kHV1 = −2CF (2− ξ) +
33− ξ2

4
CA +

(
2

3
CF −

5 + 2ξ

3
CA

)
ψ + (2CF − CA)(1− ξ)K (70)

kHV2 = CF (2− ξ)− CA
(

13− 2ξ

4
− ξ

6
ψ

)
+ (2CF − CA)(1− ξ)

(
1

2
log(2)−K

)
(71)

kHV3 =
44

3
CF − 2CA +

(
−4CF +

3 + 2ξ

6
CA

)
ψ + (2CF − CA)

(3 + ξ)

2
log(2), (72)
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while in NDR

kNDR1 = kHV1 − 2 (CF + CA) (73)

kNDR2 = kHV2 +
1

2
CA (74)

kNDR3 = kHV3 − 20

3
CF +

1

2
CA . (75)

4.2.4 Quark-quark-photon three-point functions

The quark-quark-photon three-point function with insertion of the quark CEDM gives

Γ
(3,γ)
C =

e

2
{Q, ta} αs

4π

{
2σ(ε∗, k)γ5

[
−CF

(
1

ε
+ log

µ2

Λ2

)
+ k

(γ)
1

]
+ CF σ(ε∗, p− p′)γ5

+ i(p+ p′) · ε∗γ5

[
6CF

(
1

ε
+ log

µ2

Λ2

)
+ k

(γ)
3

]}
+ . . . (76)

with

k
(γ)HV
1 = CF

(
−2 +

2

3
ψ

)
k

(γ)NDR
1 = CF

(
−4 +

2

3
ψ

)
(77)

k
(γ)HV
3 = CF

(
44

3
− 4ψ

)
k

(γ)NDR
3 = CF (8− 4ψ) . (78)

4.3 One-loop Green’s functions with insertions of E, P , ∂ ·A and GG̃

The determination of the physical block ZO of the mixing matrix in Eq. (49) requires the
calculation of quark and/or gluon two-point functions with insertions of the operators E,
∂2P , (m2P )1,2,3, (m∂ · A)1,2 and mGG̃. The renormalization of the pseudoscalar and tensor
densities, and axial current has been studied in many papers, and the conversion between
MS-NDR and RI-SMOM to one loop was addressed in Ref. [59]. The renormalization of GG̃
in MS was studied in Ref. [60]. Here we provide one-loop 1PI results for the Green’s functions
in MS-HV and MS-NDR.

The relevant projection of the quark-quark-photon 1PI three-point function (this is essen-
tially a quark-quark function) with insertion of the quark EDM operator, evaluated at the
symmetric point gives

Γ
(3,γ)
E = −e{Q, ta} αs

4π
σ(ε∗, k)γ5

[
(1− ξ)CF

(
1

ε
+ log

µ2

Λ2

)
+ kT

]
+ . . . (79)

kT = CF (1− ξ)
(

2− 5

6
ψ

)
, (80)

both in HV and NDR.
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At one loop, the 1PI quark two-point functions with insertions of the operators ∂2P and
(m2P )1,2,3, evaluated at the symmetric point, are given by

Γ
(2)

∂2P, (m2P )1,2,3
= iγ5

{
−q2ta,

1

2

{
M2, ta

}
,Tr

[
M2ta

]
1, Tr [Mta] M

}
× αs

4π

[
kP + (3 + ξ)CF

(
1

ε
+ log

µ2

Λ2

)
+ CF

1− ξ
3Λ2

iσαβpαp
′
β +O

(mq

Λ

)]
, (81)

where kP depends on the d-dimensional definition of γ5, namely

kHVP = CF

[
2(6 + ξ)− 3 + ξ

2
ψ

]
, kNDRP = kHVP − 8CF . (82)

The gluon and photon two-point functions with insertions of P are finite, and not needed for
renormalization. Eq. (81) is in agreement with the result of Ref. [59], where the calculation
was carried out in the NDR scheme.

The 1PI quark two-point function with insertion of the operators proportional to the
divergence of the axial current is

Γ
(2)
(m∂·A)1,(m∂·A)2

= i/qγ
5

{
Tr [Mta]1 ,

1

2
{M, ta} − 1

3
Tr [Mta]1

}
αs
4π

[
kA + CF ξ

(
1

ε
+ log

µ2

Λ2

)]
kHVA = CF (ξ + 4) kNDRA = CF ξ . (83)

The gluon two-point function with insertion of the operator (m∂ ·A)1 is finite, and we find,

Γ
(2)µν
(m∂·A)1

= Tr [Mta]
αsnF
4π

4eµναβpαp
′
β, (84)

where nF = 3 is the number of flavors we are considering. The insertion of the operator
(m∂ · A)2 vanishes.

Finally, the gluon and quark two-point functions with insertion of (mGG̃) are given by

Γ
(2)µν

(mGG̃)
= 4Tr [Mta] εµναβpαp

′
β

αs
4π

{
CA

3 + ξ

2

(
1

ε
+ log

µ2

Λ2

)
+ kG

}
(85)

Γ
(2)

(mGG̃)
= iTr[Mta] /qγ5

αs
4π

[
6CF

(
1

ε
+ log

µ2

Λ2

)
+ k̃G

]
+O

(
M2

)
(86)

kG =
CA
2

(
17− ξ2 − 4

3
(3 + ξ)ψ

)
(87)

k̃G = CF (16− 4ψ) . (88)

These results determine the self-renormalization of (mGG̃) and its mixing with (m∂ · A)1.
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5 Renormalization matrix in MS scheme
In this section we provide one-loop results for the ZO block of the renormalization matrix given
in Eq. (49). At various stages of the calculation we need the one-loop results for the mass,
couplings, and field renormalization constants in general covariant gauge (recall d = 4− 2ε):

Zm = 1− 1

ε

αs
4π

3CF (89)

Zq = 1− 1

ε

αs
4π

ξ CF (90)

ZG = 1 +
1

ε

αs
4π

[
−4

3
nFTF + CA

(
13

6
− ξ

2

)]
(91)

Zg = 1− 1

ε

αs
4π

11CA − 4TFnF
6

, (92)

where the color factors are CF , CA, and TF are given in Eq. (60). We will also need the
renormalization constants for the pseudoscalar ψ̄γ5ψ and tensor ψ̄σµνψ densities, defined by
O

(0)
Γ = ZΓOΓ:

ZP = Z−1
m = 1 +

1

ε

αs
4π

3CF (93)

ZT = 1− 1

ε

αs
4π

CF . (94)

For the mixing of dimension-5 operators, specializing Eq. (48) to the MS scheme at one loop
one finds

OMS
i = (Z−1)MS

ij O
(0)
j , ZMS

ij ≡ δij −
1

ε

αs
4π

zij . (95)

Note that in the above expressions αs denotes the d-dimensional renormalized coupling defined
in Section 3.2, satisfying dαs/d(log µ) = −2εαs+O(α2

s). So to O(αs) the anomalous dimension
matrix γ ≡ d(logZ)/d(log µ) can be immediately read off Eq. (95): γij = 2αs/(4π) zij.

The various entries of the renormalization matrix are determined as follows:

• Finiteness of the quark two-point function Γ
(2)
C , gluon two-point function ΓµνC , quark-

quark-gluon Γ
(3)
C and quark-quark-photon Γ

(3,γ)
C three-point functions implies a set of

conditions for z1n, n = 1, ..., 14. Note that only the results for n = 1, ..., 10 affect
physical observables, the rest are given for completeness.

• The operator O(5)
2 = ∂2P renormalizes diagonally with constant ZP .

• The quark EDM operator O(5)
3 ≡ E renormalizes diagonally (to zeroth order in the fine

structure constant) in the same way as the tensor quark bilinear, i.e., (Z−1)33 = Z−1
T .

• To zeroth order in the electromagnetic couplings, O(5)
4 = mFF̃ renormalizes diagonally

with the renormalization constant (Z−1)44 = Z−1
m .
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• The subset of operators O(5)
5,6,10 related to the axial anomaly renormalize, to one-loop, as

follows [60] (recall ZmZP = 1): mGG̃

(m∂ · A)1

(m2P )3


MS

=

Z−1
m Z2

g −1
ε
αs
4π

6CF 0

0 Z−1
m 0

0 0 Z−1
m


 mGG̃

(m∂ · A)1

(m2P )3


(0)

. (96)

To explicitly check Eq. (96) at one loop use Eqs. (81), (83), (85) and (86).

• Finally, O(5)
7 = (m∂ · A)2 renormalizes as (m∂ · A)1 and O(5)

8,9 = (m2P )1,2 renormalize as
(m2P )3, thus leading to (Z−1)77,88,99 = Z−1

m .

In summary, the entries in the first row in Eq. (49) are:

z11 = 5CF − 2CA (97a)

z12 = 0 (97b)

z13 = 4CF (97c)

z14 = 0 (97d)

z15 = −2 (97e)

z16 = CF −
1

4
CA (97f)

z17 = 3CF −
3

4
CA (97g)

z18 = 6CF +
3

2
CA (97h)

z19 = 0 (97i)

z1,10 = 0 (97j)

z1,11 = 6CF −
3

2
CA (97k)

z1,12 = −3CF +
3

4
CA (97l)

z1,13 =
3

4
CA (97m)

z1,14 =
3

4
CA . (97n)

For the remaining non-zero entries we have:

z22 = −3CF (98a)
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z33 = CF (98b)

z44 = 3CF (98c)

z55 = −11CA − 4TFnF
3

+ 3CF (98d)

z56 = −6CF (98e)

z66 = z77 = z88 = z99 = z10,10 = 3CF . (98f)

The submatrix z11, z13 and z33 agrees with the original calculation of Refs. [61–65].

6 Definition of RI-S̃MOM operators and matching to MS

A consistent phenomenological analysis of BSM-induced CP violation in hadronic systems
requires computation of the effect of the CP-odd operators in Eq. (26) on couplings at the
hadronic scale, such as the nucleon EDM and the T-odd πNN couplings. This is an intrin-
sically non-perturbative problem. The first step in this program involves defining UV finite
operators in a suitable renormalization scheme, whose matrix elements can be then computed
non-perturbatively within lattice QCD. Here we will define finite operators within a class of
regularization-independent (RI) momentum subtraction (MOM) schemes [49, 59]. Next, one
converts the matrix elements in the RI-MOM scheme to the MS scheme, commonly adopted
to compute the Wilson coefficients and their renormalization-group evolution down to the
hadronic scale, using continuum perturbation theory.

In this section we address the following issues:

1. We provide a set of regularization independent normalization conditions for the ampu-
tated Green’s functions Γ

O
(5)
i

that subtract all the UV divergences and fix the finite

parts of the renormalization constants for the gauge-invariant CP-odd operators O(5)
1,...,10.

Since we will use subtraction conditions for the three-point functions at a non-symmetric
momentum point, we call this scheme RI-S̃MOM, as opposed to RI-SMOM [59].

2. We provide the finite matching matrix that relates the RI-S̃MOM and MS operators to
one-loop in perturbation theory:

ORI−S̃MOM
i = Cij O

MS
j . (99)

In practice this amounts to finding a linear combination of MS operators OMS
i such that

the Green’s functions with insertions of ORI−S̃MOM
i satisfy the normalization conditions

that define the scheme (see item 1. above).

6.1 Defining the RI-S̃MOM scheme

We follow the strategy outlined in Refs. [49,59], with appropriate modifications related to the
operators we are dealing with. The content of this scheme can be summarized as follows:
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• We require that the quark and gluon two-point functions with insertion of the quark
CEDM operator Γ

(2)
C (p, p′) and Γ

(2)µν
C (p, p′) vanish at the symmetric kinematic point S

defined by p2 = p′2 = q2 = −Λ2.

• We require that certain projections of the three-point functions with quark CEDM in-
sertion Γ

(3)
C and Γ

(3,γ)
C take the tree-level value at the non-symmetric kinematic point S̃

(involving only non-exceptional momenta) characterized by p2 = p′2 = k2 = q2 = s =
u = t/2 = −Λ2.

With this choice, and by virtue of the normalization condition imposed on Γ
(2)
C (p, p′), the

non-1PI diagrams (see Eq. (59)) contributing to the three-point function with insertion
of O(5)

1 = C on the quark external legs vanish. In other words, the amputated Green’s
function coincide with the 1PI Green’s functions up to a non-1PI term arising from
operator insertion on the gluon external leg. This non-1PI term does not project on the
spin/Lorentz structures that we use to impose the normalization conditions, so for all
practical purposes the renormalization conditions can be imposed on the 1PI vertices.

• We require that the gluon and quark two-point functions with insertion O(5)
5 = (mGG̃)

take their tree-level value at the symmetric point S given by p2 = p′2 = q2 = −Λ2. The
condition on the gluon two-point function involves overall factors of the quark masses.
While one can use quark masses in any scheme, we choose to use the quark masses in the
MS scheme. This leads to the simplest matching factors, and corresponds to imposing
the subtraction conditions on the operator GG̃, ignoring the mass factors.

• The remaining operators are related to quark bilinears: O(5)
2,8−10 are related to the pseu-

doscalar density, O(5)
3 is related to the tensor density, and O(5)

6−7 are related to the diver-
gence of the axial current. We exploit this factorized structure and impose the “stan-
dard” RI-SMOM conditions [59] on the quark bilinear part. The subtraction condition
for O(5)

6−10 involves again overall factors of the quark masses, for which we choose the MS
values. This is equivalent to imposing the conditions on the quark bilinears, ignoring
the overall quark mass factors.

Throughout, we impose the normalization conditions in the chiral limit mq → 0. This
is achieved as follows: (i) we expand two- and three-point Green’s functions in spin-flavor
structures, keeping explicit powers of the quark mass. (ii) Through appropriate projections
we then isolate the coefficients of the various spin-flavor structures, which are defined for any
value of the quark mass. (iii) We finally impose normalization coefficients on these coefficient
functions in the chiral limit. This procedure defines a mass-independent renormalization
scheme.

This RI scheme, defined in terms of gauge fixed correlation functions of quark and gluon
states in the deep Euclidean region, serves as a useful intermediary for converting non-
perturbative results to those required for phenomenology. In this work, we only discuss the
matching of this RI scheme to the perturbative MS scheme in covariant gauges. To complete
the program of connecting the MS to a lattice scheme, we also need to calculate the matching
between lattice and this RI scheme. Among the covariant gauges, the Landau gauge is the
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most convenient for lattice calculations. The calculation of the corresponding matrix elements
on the lattice can be done either using lattice perturbation theory, or non-perturbatively. In
fact, matrix elements with quark external states are used extensively nowadays for renormal-
izing lattice operators [49]. However, renormalization of the CEDM operator needs extension
of such calculations to include gluon external states. Even though gluonic correlators have
long been studied on the lattice [66], they are typically noisy. In addition, the matrix elements
with two quarks and a gluon external state gives rise to “four-point” functions,8 and there is
little experience with calculating these in the lattice community.

Apart from these difficulties, however, the non-perturbative evaluation of the matrix el-
ements is theoretically straightforward. The large number of off-shell operators does not
pose a significant challenge either. In particular, since these operators explicitly involve the
equation of motion, an n + 1-point function involving them is straightforwardly related to a
n-point function obtained by exactly canceling an external propagator using the equation of
motion. With such reductions, the number of correlation functions that need to be evaluated
non-perturbatively are much fewer than the number of operators in the basis.

6.1.1 Subtraction conditions on the quark CEDM

We now give explicitly the fourteen conditions needed to determine ZRI−S̃MOM
1n .9 We begin with

the conditions on the two-point functions with external gluons and photons:

εµναβp
αp′β ΓµνC (p, p′)

∣∣∣
S

= 0 (100a)

εµναβp
αp′β Γ

µν(γ)
C (p, p′)

∣∣∣
S

= 0 . (100b)

The quark-quark Green’s function has the following spin-flavor structures,

Γ
(2)
C = α1γ5t

a + α2σ(p, p′)γ5t
a + α3Mta/qγ5 + α4 Tr [Mta] /qγ5

+ α5M2taγ5 + α6 Tr
[
M2

]
γ5t

a + α7 Tr [Mta]Mγ5 , (101)

where the αi are functions of the kinematic invariants. We impose the RI-S̃MOM condition
that all the αi vanish at the symmetric kinematic point S in the chiral limit mq → 0. This
can be achieved with the following projections (traces are over color, spin, and flavor indices):

Tr
[
Γ

(2)
C γ5 t

a
]
S

= 0 (102a)

Tr
[
Γ

(2)
C γ5σµνt

a
]
S

= 0 (102b)

M−1
2

 Tr
[
Γ

(2)
C γ5/qMta

]
Tr
[
Γ

(2)
C γ5/q

]
Tr [Mta]


S

= 0 (102c)

8It is conventional in the lattice literature to count the point of operator insertion.
9This is in addition to the condition for eliminating possible power divergences (see Section 3.1.1).
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M−1
3


Tr
[
Γ

(2)
C γ5M2ta

]
Tr
[
Γ

(2)
C γ5t

a
]

Tr [M2]

Tr
[
Γ

(2)
C γ5M

]
Tr [Mta]


S

= 0 , (102d)

where the matrices M2 and M3 are given by (here TrF denotes the trace over flavor indices
only):

M2 =

(
TrF [(Mta)2] (TrF [Mta])2

(TrF [Mta])2 nF (TrF [Mta])2

)
(103)

and

M3 =

 TrF [(M2ta)2] TrFM2 TrF [M2(ta)2] TrF [Mta] TrF [M3ta]

TrFM2 TrF [M2(ta)2] (TrFM2)
2

TrF [tata] TrFM2 (TrF [Mta])2

TrF [Mta] TrF [M3ta] TrFM2 (TrF [Mta])2 TrFM2 (TrF [Mta])2

 . (104)

The above projections work for non-degenerate quark masses (mu 6= md 6= ms). In the isospin
limit mu = md the matrices M2 and M3 become singular. In Appendix D we describe the
projections needed in this case.

To express the subtraction conditions on the quark-quark-gluon three-point function we
restore the color and flavor indices of these objects. Recalling that Γ

(3)
C is proportional to taT b

where ta is a matrix in flavor space 10 while T b is a color generator, we will use the notation
Γ

(3)
C → Γ

(3),ab
C . The conditions then read (there is no summation over a and b)

1

iε(ε∗, k, p, p′)
Tr
[
Γ

(3),ab
C σ(p, p′)taT b

]
S̃

= 2gMS (105a)

Tr
[
Γ

(3),ab
C σ(k, p+ p′)taT b

]
S̃

= 0 (105b)

Tr
[
Γ

(3),ab
C γ5t

aT b
]
S̃

= 0 . (105c)

Note that in the first condition above, we could have used the renormalized value of the
strong coupling constant in any renormalization scheme. The use of gMS makes the connection
between RI-S̃MOM and MS schemes simpler.

Finally, we impose the following conditions on the quark-quark-photon three-point func-
tion:

Tr
[
Γ

(3,γ)
C σ(p, p′)Qta

]
S̃

= 0 (106a)

Tr
[
Γ

(3,γ)
C γ5Qt

a
]
S̃

= 0 . (106b)

10We use t0 = 1/
√

6I3×3 so that TrF (tata) = 1/2 for a = 0, 3, 8.
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6.1.2 Subtraction conditions on the remaining operators

We give here the subtraction conditions needed to determine the remaining entries of ZRI-S̃MOM
ij .

For the operator O(5)
5 = (mGG̃) we prescribe

− 1

6Λ4
εµναβp

αp′β Γµν
O

(5)
5

(p, p′)
∣∣∣
S

= TrF

[
MMSta

]
(107a)

Tr

[
Γ

(2)

O
(5)
5

γ5/q

]
S

= 0 . (107b)

The remaining operators O(5)
2,3,6−10 are related to quark bilinears, and we wish to impose

the “standard” RI-SMOM conditions [59]. O
(5)
2,6−10 have a simple factorized form, and the

normalization conditions of Ref. [59] are equivalent to:

i

6q2
Tr

[
Γ

(2)

O
(5)
2

γ5t
a

]
S

= 1 (107c)

1

12q2
Tr

[
Γ

(2)

O
(5)
6

γ5/q

]
S

= nFTrF

[
MMS ta

]
(107d)

1

12q2
Tr

[
Γ

(2)

O
(5)
7

γ5/qM
]
S

= TrF

[(
M2

)MS
ta − 1

3
MMS TrF

[
MMS ta

]]
(107e)

1

12i
Tr

[
Γ

(2)

O
(5)
8

γ5

]
S

= TrF

[(
M2

)MS
ta
]

(107f)

1

12i
Tr

[
Γ

(2)

O
(5)
9

γ5t
a

]
S

=
1

2
TrF

[(
M2

)MS
]

(107g)

1

12i
Tr

[
Γ

(2)

O
(5)
10

γ5

]
S

= TrF

[
MMSta

]
TrF

[
MMS

]
. (107h)

The operator O(5)
3 is related to the tensor density, but contains an explicit photon field

strength. One would be tempted to impose the following condition on the quark-quark-photon
matrix element

1

12 i ε(ε∗, k, p, p′)Tr [(Qta)2]
Tr

[
Γ

(3,γ)

O
(5)
3

σ(p, p′) Qta
]
S

= 2eMS , (108)

which effectively fixes the projection on the structure σ(ε∗, k)γ5 to its tree-level value. However,
in terms of matrix elements of the tensor density, this prescription corresponds to

Tr [ΓµνT (p, p′) γ5σ(p, p′)]S = 12i εµναβpαp
′
β , (109)

which differs from the standard one [59]

Tr [ΓµνT (p, p′)σµν ]S = 144 (110)
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and would lead to a finite difference in the renormalization factors 11. In our analysis we
stick to the standard normalization condition Eq. (110). This can be obtained by imposing
Eq. (108) while performing a finite shift δkT in the loop factor kT given in Eq. (80), namely

δkT = CF (1− ξ)
(

2

3
− 1

3
ψ

)
. (111)

6.2 Matching RI-S̃MOM and MS operators

We now determine the conversion matrix appearing in Eq. (99)

Cij =

((
ZRI−S̃MOM

)−1

· ZMS

)
ij

(112)

to first order in αs. Denoting field renormalization and renormalized amputated Green func-
tions of any operator O in the RI-S̃MOM scheme with Z̃q,G and Γ̃O, respectively, and the
corresponding quantities in the MS scheme with Zq,G and ΓO, the matching conditions take
the form:

Γ̃
(2)
Oi

=
Z̃q
Zq

∑
j

Cij Γ
(2)
Oj

(113a)

Γ̃µνOi =
Z̃G
ZG

∑
j

Cij ΓµνOj (113b)

Γ̃
(3)
Oi

=
Z̃qZ̃

1/2
G

ZqZ
1/2
G

∑
j

Cij Γ
(3)
Oj

(113c)

Γ̃
(3,γ)
Oi

=
Z̃q
Zq

∑
j

Cij Γ
(3,γ)
Oj

. (113d)

When one imposes that the Γ̃Oi satisfy the RI-S̃MOM subtraction conditions given in subsec-
tions 6.1.1 and 6.1.2, one obtains a system of linear equations for the Cij matching factors.

Using the explicit one-loop results of Sections 4.2 and 4.3 and the ratios of wave-function
renormalization factors,

Z̃q
Zq
≡ 1 +

αs
4π
rq = 1− αs

4π
CF ξ

[
1 + log

µ2

Λ2

]
(114)

Z̃G
ZG
≡ 1 +

αs
4π
rG

11 Note that in the free theory (ΓµνT → σµν) both Eq. (109) and Eq. (110) hold. However, when including
interactions a difference arises: the projection Eq. (109) selects the σµν component of ΓµνT , while the projection
Eq. (110) picks up not only σµν but also additional terms in ΓµνT , such as σαβpαp′β(pµp′ν − pνp′µ).
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= 1 +
αs
4π

[
CA

(
97

36
+
ξ

2
+
ξ2

4

)
− 20

9
nFTF +

[
CA

(
13

6
− ξ

2

)
− 4

3
nFTF

]
log

µ2

Λ2

]
, (115)

we solve for the Cij.
To O(αs) the matching coefficients have the structure

Cij ≡ δij +
αs
4π

[
cij + zij log

µ2

Λ2

]
, (116)

corresponding to the RI-S̃MOM renormalization matrix

ZRI−S̃MOM
ij = δij −

αs
4π

[
zij

(
1

ε
+ log

µ2

Λ2

)
+ cij

]
. (117)

We have given the pole terms zij in Section 5, while the constants cij can be expressed in
terms of the loop factors rq,G defined above and f0,1,2, k1,2,3, k

(γ)
1,3 , kG, k̃G, and kA,P,T defined

in Sections 4.2 and 4.3. We find for the first row c1n:

c11 = −k1 −
1

2
k2 +

1

2
k3 − rq −

1

2
rG (118a)

c12 = 2f0 + k2 − k3 (118b)

c13 = −k(γ)
1 +

k3 − k2

2
(118c)

c14 = 0 (118d)

c15 = −4 (118e)

c16 =
k2 − 2 f1

3
(118f)

c17 = k2 − 2 f1 (118g)

c18 = −2f2 − k2 − k3 (118h)

c19 = 0 (118i)

c1,10 = 0 (118j)

c1,11 = k2 + k3 (118k)

c1,12 = −k2 + k3

2
(118l)

c1,13 = −k2 (118m)

c1,14 = k
(γ)
3 − k3 . (118n)

For the remaining non-zero entries of cij we find:

c22 = −kP − rq (118o)
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c33 = −kT − δkT − rq (118p)

c55 = −κG − rG (118q)

c56 = −κ̃G (118r)

c66 = c77 = −kA − rq (118s)

c88 = c99 = c10,10 = −kP − rq . (118t)

In Appendix E, we report explicit results for the matching coefficients cij using both the
HV and NDR prescriptions for γ5.

7 Renormalization and the axial Ward Identities
In the previous section we have imposed a set of subtraction conditions on CP-odd operators of
dimension five, some of which are related to the axial current (O(5)

6−7), the pseudoscalar density
(O(5)

8−10), and GG̃ (O(5)
5 ). So far we have not discussed whether the resulting finite operators

satisfy the non-singlet and singlet axial Ward Identities (WIs). In particular, the normalization
conditions on the singlet A, P , and GG̃ may be inconsistent with the singlet WIs. For the
non-singlet case, RI-SMOM subtraction conditions have been shown to be consistent with the
WIs [59].

In general one can obtain properly normalized symmetry currents through the Ward Iden-
tity method, discussed in Refs. [67,68]. Moreover, in Ref. [59] the RI-SMOM conditions were
suitably chosen so that they are consistent with the non-singlet axial WIs. Here we take a
different point of view: we discuss how to define renormalized (singlet and non-singlet) axial
current and pseudoscalar density operators that satisfy the axial WIs, starting from an arbi-
trary subtraction scheme, such as MS or the RI-S̃MOM scheme defined in Section 6.1. We
put forward a two-step approach:

1. Using any regulator and any subtraction scheme, define renormalized (finite) axial (Aµ),
pseudoscalar (P ) and GG̃ operators.

2. Starting from any of the above schemes, perform a finite renormalization that leads to
operators Aµ, P and GG̃ that obey properly normalized WIs. The resulting Aµ is the
“symmetry current” associated with axial transformations. We may call this new scheme
the “WI scheme”.

In the case of MS and the RI-S̃MOM scheme defined in the previous section we provide the
explicit matching factors to the WI scheme to O(αs). We will also describe the procedure to
obtain non-perturbative matching factors connecting the RI-S̃MOM and WI schemes.

Our discussion is inspired by the analysis of Refs. [53, 69] for a dimensionally regulated
theory and of Refs. [70, 71] for a lattice regulated theory. While we give details pertaining
to the dimensionally regulated theory, our aim is to point out that the general features of
the analysis are “RI,” i.e., regularization independent. Therefore, we will draw parallels with
discussions of the axial current in various lattice QCD formulations [70,72,73] in appropriate
places.
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7.1 PCAC relation in terms of bare operators

We focus on the singlet axial current for concreteness. A discussion of the non-singlet current
in the context of dimensional regularization and minimal subtraction is presented in Ref. [53],
and the relevant results are a special case of the analysis presented below. In terms of suitably
regularized operators, the PCAC relation takes the form

∂ · A = 2(mP ) + PE +X . (119)

In dimensional regularization the bare operators take the form Aµ = ψ̄(1/2)[γµ, γ5]ψ, (mP ) ≡
ψ̄Miγ5ψ, PE = ψ̄Eiγ5ψ + ψ̄iγ5ψE. X is the anomaly operator, whose tree-level insertions in
Green’s functions vanish as one removes the regulator (d→ 4 in dimensional regularization or
a→ 0 in the lattice theory). In the dimensionally regulated theory, with HV prescription for
the γ5, one has

X =
1

2
ψ̄
{
γ5,
−→
/D −
←−
/D
}
ψ , (120)

which clearly vanishes at the classical level in d = 4 due to the anti-commutation properties
of γ5. For d 6= 4 this operator is non-vanishing and through divergent quantum corrections it
can leave a finite remnant in Green’s functions, including anomalous terms in the axial current
conservation equation. In NDR, X always vanishes. For this reason, NDR does not “see” the
axial anomaly, and cannot consistently be used for the discussion of the singlet axial current.
In the lattice theory with Wilson fermion discretization X is the variation of the Wilson term
under axial transformation [70, 72], and its properties are similar to those of X in the HV
scheme.

The anomalous term X can be expressed as a linear combination of other regulated opera-
tors with same quantum numbers and an evanescent operator X̄, whose insertions in Green’s
functions with arbitrary number of fields vanish at the quantum level as one removes the
regulator. To perform the projection on non-evanescent operators one defines [70]

X̄ = X + α ∂ · A + β 2(mP ) + γ GG̃ , (121)

and determines the coefficients α, β, γ perturbatively or non-perturbatively by requiring that
appropriate projections of matrix elements of X̄ in quark and gluon states (and their derivative
with respect to the mass) vanish 12

〈q|X̄|q〉
∣∣∣
/qγ5

= 0 (122)

∂

∂m
〈q|X̄|q〉

∣∣∣
γ5

= 0 (123)

〈g|X̄|g〉 = 0 . (124)
12Insertions of X can give non-vanishing results only in Green’s functions with positive superficial degree of

divergence. Of these, one needs to analyze only the one with two quarks and the one with two gluons, as the
others do not provide independent information.
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Analyzing Green’s functions of X with two quarks and with two gluons to one-loop in pertur-
bation theory in the MS-HV scheme, we find

Γ
(2)
X =

αs
4π

4CF

[
i/qγ5 − 4 iMγ5

]
(125)

Γ
(2)µν
X = nF

αs
4π

4εµναβpαp
′
β , (126)

leading to

α = −4CF
αs
4π

(127)

β = 8CF
αs
4π

(128)

γ = −nF
αs
4π

. (129)

Using Eq. (121) into Eq. (119) one gets the final result

(1 + α)∂ · A = 2 (1− β)(mP ) + PE − γGG̃+ X̄ , (130)

which is still expressed in terms of bare operators and couplings. The non-singlet case is now
straightforward: one finds the same values of α and β, and the non-singlet anomalous operator
X̄a does not have a GG̃ component.

7.2 PCAC relation in terms of renormalized operators

We next express the PCAC relation in terms of renormalized operators [O]i, related to bare
operators Oj via (note that in this section we use a different notation compared to Eq. (48))

Oi = Zij [O]j (131)

with Zij given in an arbitrary scheme. For the operators of interest, we have the mixing
structure13  GG̃

∂ · A
(mP )

 =

ZGG̃ ZGG̃,∂A 0

0 ZA 0

0 0 ZmZP



[
GG̃
]

[∂ · A]

[mP ]

 . (132)

Using Eqs. (127), (128), (129), and (130) leads to the renormalized PCAC relation

C1(g2)[∂ · A] = C2(g2) 2[mP ] + C3(g2)
nF

16π2
[g2GG̃] + PE + X̄ , (133)

with coefficients, in terms of the bare coupling g,

C1(g2) = ZA(1 + α) + γ ZGG̃,∂A (134a)

13This is valid in schemes in which mu,d,s are multiplicatively renormalized with the same constant Zm.
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C2(g2) = ZPZm (1− β) (134b)

C3(g2) = −16π2 γ

nF g2
Z2
g ZGG̃ (134c)

satisfying C1,2,3(0) = 1. As a consequence of the finiteness of the EOM operator, [PE] = PE,
and of the independence of the operators [∂ · A], [mP ] and [GG̃], C1,2,3(g2) must be finite.

7.3 Finite renormalization and WIs

Eq. (133) shows that in a given renormalization scheme (i.e. a choice of ZA,P , Zm, ZGG̃, ZGG̃,∂·A
that makes the operator insertions finite) the renormalized quantities do not necessarily satisfy
properly normalized (anomalous) WIs: MS-HV scheme is one example. However, given the
scheme-dependent C1,2,3(g2), through a finite renormalization one can restore the WIs, as seen
from Eq. (133). Operators in the “WI scheme” are defined by:

[Aµ]WI = C1(g2) [Aµ] (135)

[mP ]WI = C2(g2) [mP ] (136)[
g2GG̃

]
WI

= C3(g2) [g2GG̃] . (137)

Applying the operator d/d(log µ) to both sides of Eq. (133), using the finiteness of PE
and the independence of the remaining operators, one obtains a set of differential equa-
tions for C1,2,3(g2). The solution reveals that the coefficients C2,3(g2) are such that [mP ]WI

and [g2GG̃]WI have vanishing diagonal anomalous dimension to all orders. On the other
hand, C1(g2) is such that [Aµ]WI has an anomalous dimension starting at O(g4), related to
the off-diagonal anomalous dimension γGG̃,∂·A = −(Z−1 dZ/d(log µ))GG̃,∂·A, namely γAWI

=
γGG̃,∂·A · αs/(4π). The rescaled operators satisfy the properly normalized PCAC relation:

∂ · [A]WI = 2[mP ]WI +
nF

16π2
[g2GG̃]WI + iPE + X̄ . (138)

The coefficients needed to reach the “WI” scheme from the MS-HV scheme, to O(g2) are14

C1 = 1− 4CF
αs
4π

C2 = 1− 8CF
αs
4π

C3 = 1 +O(α2
s) . (139)

In the case of the RI-S̃MOM scheme defined in Sec. 6.1, the perturbative values of α, β and
γ are still given by Eqs. (127), (128) and (129). In HV, the conditions given in Eqs. (107c),
(107d), and (107e), which are the equivalent to the RI-SMOM condition of Ref. [59], give

ZA = 1 +
αs
4π

(4CF ) (140)

ZPZm = 1 +
αs
4π

(8CF ) , (141)

14To determine C3 we rely on the two-loop calculations of Ref. [69].
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where we used the value of Zm obtained in Ref. [59]

Zm = 1− αsCF
4π

(
4 + ξ − (3 + ξ)

ψ

2

)
. (142)

This leads to C̄1(g2) = 1 + O(g4) and C̄2(g2) = 1 + O(g4), thus showing that singlet and
non-singlet axial currents and pseudoscalar densities are already correctly normalized, up to
corrections of O(g4). The RI-S̃MOM condition Eq. (107a) leads to a GG̃ which is not correctly
normalized. However, once a definition of Zg is given, for example by fixing the three-gluon
or quark-gluon vertex at the symmetric point to its tree-level value [74, 75], Eq. (134) allows
one to define [GG̃]WI.

Eqs. (140) and (141) differ by a finite piece from the results in Ref. [59], which are obtained
using NDR and found ZA = ZPZm = 1. The finite pieces in ZA and ZPZm are crucial in
compensating the anomalous dimension of the axial current and pseudoscalar density arising
from divergences in the MS-HV two-loop calculation, as can be explicitly verified from the
results of Ref. [76]. For the non-singlet axial current, the cancellation is exact, and the RI-
S̃MOM axial current does not have anomalous dimension at O(α2

s). In the singlet case, the
O(αs) finite piece ensures that the relation γA = γGG̃,∂·Aαs/(4π) is respected.

While we have given explicit results in perturbation theory within the MS-HV and RI-
S̃MOM scheme, the above discussion provides the steps needed to determine the coefficients
α, β, γ starting from any regulator and any scheme. These, in turn, in combination with the
renormalization factors of Eq. (132) determine the finite rescaling factors C1,2,3 in Eqs. (134)
needed to obtain renormalized operators that satisfy the axial Ward identities.

8 Relation to the ∆S = 1 chromomagnetic operator
In a recent article [38], the renormalization of the strangeness changing quark chromo-magnetic
dipole moment (CMDM) operator has been studied. In our notation the P- and CP-even
operator studied in [38] reads

OCM = g ψ̄t∆SσµνGµνψ , t∆S =

 0 0 0

0 0 1

0 1 0

 . (143)

Ref. [38] studies the mixing of OCM with lower-dimensional operators non-perturbatively on
the lattice, and the mixing of OCM with other dimension-5 operators in perturbation theory
both in the lattice and in MS schemes. Clearly, a number of common issues arise in our study
and in Ref. [38], so a closer comparison of operator basis and mixing results is desirable.

8.1 Operator basis

First, let us focus on the operator basis. Note that our operator basis was constructed assuming
diagonal flavor structures, so that [M, ta] = [Q, ta] = 0 and Tr(Mta) 6= 0. In the case of
flavor off-diagonal generators, such as t∆S, a number of new operators appears at dimension-5,
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while all the operators involving Tr(Mta) vanish. In what follows we provide (i) the basis of
dimension-5 operators mixing with the P- and CP-odd CEDM operator OCE ≡ C defined in
Eq. (30), with off-diagonal flavor structure ta → t∆S; (ii) the corresponding basis for the P-
and CP-even sector (mixing with OCM), to be compared with Ref. [38].

For ease of comparison with Ref. [38] we omit the operators involving the electromagnetic
field, i.e. O(5)

3 and O
(5)
14 of Section 3.1.3. With this in mind, for the ∆S = 1 sector we find

ten independent CP-odd operators. In the notation of Section 3.1.3 (with ta → t∆S), we find
C, ∂2P, (m∂ · A)2, (m

2P )1,2, PEE, ∂ · AE, A∂ and two new structures that vanish for diagonal
flavor generators, namely (m2P )4 = ψ̄iγ5

[
M,

[
M, t∆S

]]
ψ and (mPE)1 = ψ̄E iγ5

[
M, t∆S

]
ψ−

ψ̄ iγ5

[
M, t∆S

]
ψE. In order to match more closely the operator basis of Ref. [38] we can

trade the operator (m∂ · A)2 involving derivatives of the axial current in favor of (mPE)2 =
ψ̄E iγ5

{
M, t∆S

}
ψ + ψ̄ iγ5

{
M, t∆S

}
ψE, via the relation

2(m∂ · A)2 = 4(m2P )1 − (m2P )4 + (mPE)2 . (144)

So we end up with the dimension-5 basis in the P- and CP-odd sector reported in the left
column of Table 5. The corresponding P- and CP-even sector operators can be obtained from
the above ones with the substitution iγ5 → 1 and are given explicitly in the right column of
Table 5.

CP-odd CP-even

OCE = ig ψ̄σµνγ5Gµνt
∆Sψ OCM = g ψ̄σµν Gµνt

∆Sψ

∂2P = ∂2
(
ψ̄iγ5t

∆Sψ
)

∂2S = ∂2
(
ψ̄t∆Sψ

)
(m2P )1 = 1

2
ψ̄iγ5

{
M2, t∆S

}
ψ (m2S)1 = 1

2
ψ̄
{
M2, t∆S

}
ψ

(m2P )2 = Tr [M2] ψ̄iγ5t
∆Sψ (m2S)2 = Tr [M2] ψ̄t∆Sψ

(m2P )4 = ψ̄iγ5

[
M,

[
M, t∆S

]]
ψ (m2S)4 = ψ̄

[
M,

[
M, t∆S

]]
ψ

PEE = iψ̄Eγ5t
∆SψE SEE = ψ̄Et

∆SψE

(mPE)1 = ψ̄Eiγ5

[
M, t∆S

]
ψ − ψ̄iγ5

[
M, t∆S

]
ψE (mSE)1 = ψ̄E

[
M, t∆S

]
ψ − ψ̄

[
M, t∆S

]
ψE

(mPE)2 = ψ̄Eiγ5

{
M, t∆S

}
ψ + ψ̄iγ5

{
M, t∆S

}
ψE (mSE)2 = ψ̄E

{
M, t∆S

}
ψ + ψ̄

{
M, t∆S

}
ψE

∂ · AE = ∂µ[ψ̄Eγ
µγ5t

∆Sψ − ψ̄γ5γ
µt∆SψE] ∂ · VE = i∂µ[ψ̄Eγ

µt∆Sψ − ψ̄γµt∆SψE]

A∂ = ψ̄γ5/∂t
∆SψE − ψ̄E

←−
/∂ γ5t

∆Sψ V∂ = ψ̄i/∂t∆SψE − ψ̄Ei
←−
/∂ t∆Sψ

Table 5: Operator basis in the CP-odd and CP-even sectors.
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We can now compare our basis to the one in Ref. [38], which consists of ten dimension-5
operators O1,...,10:

• For the gauge-invariant operators that do not vanish by the EOM, after converting
the operators in [38] from Euclidean to Minkowski metric, we find the correspondence:
O1 = OCM , O2 = 2(m2S)1, O3 = (m2S)1 − 1/2(m2S)4, O4 = −∂2S.

• For the operators vanishing by the EOM we find: O5 = SEE, O7 = 1/2[(mSE)1 −
(mSE)2], O8 = −1/2[(mSE)1 + (mSE)2], O9 = −(∂ · VE + V∂), O10 = V∂.

• There is no operator in our basis corresponding to O6 in [38]. The CP-odd counterpart
of O6 is P̃EE = ψ̄iγ5t

∆SψEE + ψ̄EEiγ5t
∆Sψ, and it can be expressed in terms of operators

already present in the basis, via:

∂ · AE = P̃EE + 2PEE + (mPE)2 , (145)

A similar linear dependence relation holds in the P- and CP-even sector. Ref. [38] finds
at one loop that O6 is not needed to renormalize OCM . This is consistent with our
finding that O6 is not linearly independent.

• In Ref. [38] the operator (m2S)2 = (m2
u+m2

d+m2
s)s̄d is absent. This operator is allowed

by the symmetries of the problem. In perturbation theory it can mix with OCM starting
at two-loop order, so its omission does not affect the results of Ref. [38]. However, the
operator should be included in non-perturbative renormalization treatments.

8.2 One-loop renormalization factors

Using the CP-odd operator basis of Table 5, we have extended our analysis of the two- and
three-point functions to include off-diagonal flavor structures and have found the mixing to
the additional operators (in the MS scheme)

ZOCE ,(m2P )4 = −ZOCE ,(mPE)1 =
1

ε

αs
4π

3

8
(CA − 4CF ) . (146)

Using (i) the results given in Section 5 for the operator mixing in our original basis (extended
to the new structures through Eq. (146)); and (ii) the change of basis implied by Eq. (144),
we have computed the renormalization matrix relevant to the CP-odd operators in Table 5.

In order to compare to Ref. [38], we need the relation between the divergence structure of
the CP-even and CP-odd sectors. At one loop we have verified that the divergences of two-
and three-point functions with insertion of OCM and OCE are related by a simple operation τ̂ :

ΓOCM = τ̂ [ΓOCE ] , τ̂ :
{
iγ5 → 1 , t∆SMn → (−1)nt∆SMn (n = 0, 1, 2)

}
. (147)

Similarly, the tree-level insertions of the CP-even (O+) and CP-odd (O−) operators appearing
in each line of Table 5 are related by ΓO+ = τ̂

[
ΓO−

]
, except for the following cases:

Γ(mSE)1,2 = τ̂
[
Γ(mPE)2,1

]
(148a)
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ΓSEE = −τ̂ [ΓPEE ] (148b)

Γ∂·VE = −τ̂ [Γ∂·AE ] (148c)

ΓV∂ = −τ̂ [ΓA∂ ] (148d)

From the renormalization matrix in the CP-odd sector and the relations (148), we have com-
puted the renormalization factors in the CP-even sector, in the basis of Table 5. Finally,
converting to the basis O1,...,10 of Ref [38] (using the relations given in Section 8.1), we find
our results for the renormalization coefficients to agree with Eqs. (66-75) of Ref. [38].

9 Conclusions
In this work we have studied the off-shell renormalization and mixing of CP-odd dimension-5
operators in QCD in both the MS and RI-S̃MOM schemes (the latter amenable to implemen-
tation in lattice QCD), providing the matching matrix between operators in RI-S̃MOM and
MS to O(αs).

We have paid special attention to the definition of a finite quark CEDM operator in the
RI-S̃MOM scheme, identifying all the needed subtractions. This is the first step towards
a lattice QCD calculation of the impact of the quark CEDM on the nucleon EDM, which
is currently afflicted by one order of magnitude uncertainty. This paper sets the stage to
perform non-perturbative renormalization of the CEDM. The next steps in the program in-
volve (i) performing exploratory computations of the needed CEDM quark and gluon Green’s
functions on the lattice, and comparing this method to lattice perturbation theory; (ii) per-
forming exploratory calculation of the CEDM insertion in the neutron state, correlated with
the electromagnetic current or in external electric field [34].

Besides inducing nucleon EDM, the quark CEDM induces T-odd P-odd pion-nucleon cou-
plings that are a key input in the computation of EDMs of both light and heavy nuclei. Chiral
symmetry implies that the T-odd pion-nucleon coupling induced by the quark CEDM can be
extracted (up to chiral corrections) by calculating the baryon mass splittings induced by the
quark chromo-magnetic dipole moment (CMDM) operator [14]. In a future publication we
will explore the non-perturbative renormalization and mixing in the flavor-diagonal CMDM
sector and its relation to the CEDM.

Finally, a desirable extension of this work involves studying the non-perturbative renor-
malization and mixing structure of CP-odd dimension-6 operators, such as Weinberg’s opera-
tor [77] and four-quark operators.
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A CP transformation
In this Appendix we review the definition and properties of the CP transformation. On the
fermion fields ψ, CP is defined as the linear operator CP :

CP−1ψCP ≡ ψCP = ieiφγ2γ0ψ
∗

= −ieiφ(ψ̄γ∗2)T = ieiφγ2ψ̄
T , (149)

where ψ∗ ≡ ψ†T , φ is an arbitrary phase, and we are using the convention that γ2 is an
antihermitean matrix.15 Note that the CP transformation for the U(1)-transformed fermion
field ψ̃ = eiθψ looks like Eq. (149) with ψ → ψ̃ and φ→ φ+ 2θ.

In addition to this, the CP transformation changes all vector operators vµ to vµ in the
metric with signature (+−−−), and changes every charge generator T a to (T a)T .

Let ΓM denote a gamma structure with M Lorentz indices and ON denote an operator
involving derivatives with N Lorentz indices. Then

(χ̄ΓMO
Nψ)CP = −(ψTONΓTMγ

T
0 χ
∗)CP

= −
[(
−ieiφψ ψ̄γ∗2

)
ONΓTMγ

T
0

(
−ie−iφχγ∗2γ∗0χ

)]
= ei∆φ

[
ψ̄
(
γ†0γ

†
2γ0ΓMγ

†
2

)T
ONχ

]
= ei∆φ

[
ψ̄ (−γ2ΓMγ2)T ONχ

]
= ei∆φψ̄ΓCPM ONχ , (150)

where ΓCPM ≡ (−γ2ΓMγ2)T and we have used the hermiticity of γ0, antihermiticity of γ2, and
γ2

0 = 1. Using γT2 = γ†∗2 = γ2, we can now write the simpler expression ΓCPM ≡ −γ2Γ†∗Mγ2. For
the sixteen Clifford matrices, we then have

1CP = 1 (151a)

γCP5 = −γ5 (151b)

γCPµ = −γµ (151c)

(γµγ5)CP = γ5γ
µ = −γµγ5 (151d)

σCPµν = σνµ = −σµν . (151e)

For the equation of motion field ψE = (iDµγµ −m)ψ, the transformation is

ψCPE ≡ (iDµCPγµ −m)ψCP

= ieiφ(iD∗µγµ −m)γ2γ0ψ
∗

= ieiφγ2(−iD∗µγ∗µ −m)γ0ψ
∗

15Whenever we need an explicit representation for the γ matrices, we use that one provided in Ref. [57].
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= ieiφγ2γ0(−iD∗µγTµ −m)ψ∗

= ieiφγ2γ0(−iD∗µγµ∗ −m)ψ∗

= ieiφγ2γ0(−iD∗µγµ∗ −m)ψ∗

= ieiφγ2γ0 [(iDµγ
µ −m)ψ]∗

= ieiφγ2γ0ψ
∗
E , (152)

where the conjugate of Dµ = ∂µ − igAaµT
a is defined as D∗µ = ∂µ + igAaµT

a∗ to take into
account the opposite gauge charge of the antiparticle. One way to state this result is that the
CP phase is the same for the fields ψ and ψE, i.e., φψE = φψ.

Finally, note that the CP transformation on chiral fields ψL,R = (1∓ γ5)/2ψ

CP−1ψL CP = ieiφγ2ψ̄L
T

CP−1ψR CP = ieiφγ2ψ̄R
T
. (153)

B BRST symmetry and operator basis
A given gauge invariant operator O mixes under renormalization with two classes of operators
of same (or lower) dimension [52, 53]: (i) ghost-free gauge-invariant operators with the same
symmetry properties of O that do not vanish by the equations of motion (EOM); (ii) “nuisance”
operators allowed by the solution to the Ward Identities associated with the BRST symmetry.
These include non-gauge-invariant operators. For completeness, we sketch below the procedure
to obtain the “nuisance” operators, paraphrasing Ref. [52].

The gauge and fermion Lagrangian density for the SU(3)C × U(1)EM group is expressed
in terms of physical fields Aaµ, Aγµ, ψ, ψ̄, the dynamical ghosts ca, c̄a, cγ, c̄γ, and the non-
propagating sources for BRST transformations M , M̄ , Jaµ , Ka, Jγµ , whose properties are
summarized in Table 6. This Lagrangian is:

L0 = −1

4
Ga
µνG

aµν − 1

2ξ
(∂ · Aa)2 − (Jaµ − ∂µc̄a)Dµ,abcb +

1

2
gfabcKacbcc (154)

− 1

4
FµνF

µν − 1

2ξγ
(∂ · Aγ)2 − (Jγµ − ∂µc̄γ) ∂µcγ (155)

+ ψ̄
(
i /D −m

)
ψ + M̄ (−igcaT a − iecγ)ψ + ψ̄ (−igcaT a − iecγ) M , (156)

where

Ga
µν = ∂µA

a
ν − ∂νAaµ + gfabcAbµA

c
ν (157)

F a
µν = ∂µA

γ
ν − ∂νAγµ (158)

Dab
µ c

b = ∂µc
a + gfabcAbµc

c (159)

Dµψ =
(
∂µ − igAaµT a − ieQAγµ

)
ψ . (160)
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The action S obtained by adding to the Lagrangian density a set of infinitesimal sources Φ
for gauge-invariant ghost-free operators O

S =

∫
d4xL0(x) +

∫
d4x Φ(x)O(x) ≡ S0 + Φ ·O , (161)

is invariant under the BRST transformations given by:

∆Aaµ = − δS

δJaµ
δλ ∆Aγµ = − δS

δJγµ
δλ (162)

∆ca =
δS

δKa
δλ ∆cγ = 0 (163)

∆c̄a =
1

ξ
∂ · Aa δλ ∆c̄γ =

1

ξγ
∂ · Aγ δλ (164)

∆ψi =
δS

δM̄i

δλ (165)

∆ψ̄i =
δS

δMi

δλ , (166)

with δλ an anti-commuting infinitesimal parameter. This invariance leads to the Ward iden-
tities for the generating functional of 1PI Green’s functions, that in particular imply the
following identity for Ŝ ≡ S +

∫
d4x[1/(2ξ)(∂ · Aa)2 + 1/(2ξγ)(∂ · Aγ)2]:∫

d4x

(
δŜ

δAγµ

δŜ

δJγµ
+

δŜ

δAaµ

δŜ

δJaµ
+
δŜ

δca
δŜ

δKa
+
δŜ

δψi

δŜ

δM̄i

+
δŜ

δψ̄i

δŜ

δMi

)
= 0 . (167)

While S = S0 + Φ · O satisfies the Ward identity Eq. (167), the general solution involves
additional terms. Writing the general solution symbolically as

S = S0 + Φ ·O + Φ ·N , (168)

and working to first order in the external sources (one operator insertion), one finds that the
nuisance operators N must satisfy:

Ŵ (Φ ·N) = 0 , (169)

with the operator

Ŵ =
δŜ0

δAγµ

δ

δJγµ
+
δŜ0

δJγµ

δ

δAγµ
+
δŜ0

δAaµ

δ

δJaµ
+
δŜ0

δJaµ

δ

δAaµ
+
δŜ0

δca
δ

δKa
+
δŜ0

δKa

δ

δca

+
δŜ0

δψi

δ

δM̄i

+
δŜ0

δM̄i

δ

δψi
+
δŜ0

δψ̄i

δ

δMi

+
δŜ0

δMi

δ

δψ̄i
. (170)

Since ŴŴ = 0, it turns out that

Φ ·N = Ŵ (Φ · F ) (171)
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M M̄ Jµ − ∂µc̄ K ψ ψ̄ Aµ c c̄ ∂µ

Comm. + + − + −− + − − +

Lorentz 1
2

1̄
2

1 0 1
2

1̄
2

1 0 0 1

Color 3 3∗ 8 8 3 3∗ 8 8 8 0

Ghost −1−1 −1 −2 0 0 0 1 −1 0

Dim. 5
2

5
2

3 4 3
2

3
2

1 0 2 1

Table 6: Properties for dynamical fields and BRST sources. The first row indicates whether
the variable is commuting (+) or anti-commuting (−). The second and third row list the
transformation under Lorentz and color groups. The fourth row gives the ghost number
assignments and the fifth row lists the mass-dimension.

where F is a set of operators with the same Lorentz property of O, same dimension, and ghost
number −1. After acting with Ŵ one sets the sources M, M̄,K to zero, and Jµ to −∂µc̄.

We are now ready to classify the F operators and resulting nuisance operators N :

• At dimension five, the only Lorentz scalars of ghost number −1 that we can write down
are: ψ̄χ± /AM , ψ̄χ± /A

γM , M̄ /Aχ±ψ, M̄ /Aγχ±ψ, ψ̄χ±/∂M , M̄/∂χ±ψ, M̄cM , M̄cγM , where
χ± = (1 ± γ5)/2 is a chiral projector. Acing on these structures with Ŵ produces the
terms ψ̄E /Aχ±ψ, ψ̄E /A

γ
χ±ψ, ψ̄E /∂χ±ψ, ψ̄ /Aχ±ψE, ψ̄ /A

γ
χ±ψE, ψ̄ /∂χ±ψE.

In addition, we have the gauge-invariant ghost-free terms that are not zero by equations
of motion in the massless limit: ψ̄σµνGµνχ±ψ, ψ̄σµνFµνχ±ψ, ∂2(ψ̄χ±ψ), ∂µ(ψ̄σµνD∗νχ±ψ),
∂µ(ψ̄σµνDνχ±ψ).

• At dimension four, the only Lorentz scalars of ghost number −1 are: M̄χ±ψ, ψ̄χ±M ,
JaµAaµ, JγµAγµ, and Kc. The variation of these produce ψ̄Eχ±ψ, ψ̄χ±ψE, (DνG

νµAµ +
gψ̄ /Aψ)− g[∂µc̄, c]A

µ, (∂νD
νµAγµ + eψ̄ /Aγψ), (∂µc̄)Dµc, (Dµ∂

µc̄)c.

The only gauge-invariant ghost-free operators not zero by equation of motion in the
mass-less limit are: GµνG

µν and GµνG̃
µν .

• At dimension three and below, there are no ghost number −1 scalars, so the only oper-
ators we need to consider are the gauge-invariant ghost-free operators that are not zero
by the massless equation of motion. The only possible such terms are ψ̄χ±ψ.

Selecting the T-odd and P-odd structures, including gauge-invariant ghost-free operators that
do not vanish by the EOM, and eliminating linearly dependent operators16 we arrive at the
basis presented in Section 3.1.

16 We used the relation ∂µ(ψ̄σ̃µν
←→
D νψ) = −(∂2 + 4m2)P − ∂ ·AE − 2mPE , to eliminate one T-odd, P-odd

structure. Moreover, there are no T-odd and P-odd operators containing the ghost fields up to dimension five.
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C Axion Mechanism
A very elegant way to dynamically set θ̄ to zero is the Peccei-Quinn (PQ) mechanism [46],
which predicts the existence of a new light particle, the axion [78, 79]. We follow here the
discussion of the PQ mechanism in the EFT framework of Ref. [80]. A common feature of
axion models is the existence of a UPQ(1) symmetry, which is spontaneously broken at high
energy. The axion is the Goldstone boson of the symmetry, and, under UPQ(1), it changes
by an additive constant, a → a + c, while the SM fields are chosen to be invariant. At low
energy, around the QCD scale, the Lagrangian includes derivative couplings of the axion to
the quarks, which respect UPQ(1). Furthermore, the symmetry is explicitly broken by the
anomalous coupling to GG̃ [80], so that the quark-axion Lagrangian has the form

L = ψ̄i /Dψ +
1

2
∂µa ∂

µa+ ψ̄ (C0 + C1τ3) γ5γµψ ∂µ
a

fa
− caγγ

e2

32π2

a

fa
FF̃

− g2

32π2

(
θ +

a

fa

)
GG̃− eiρψ̄LMψR − e−iρψ̄RMψL, (172)

where fa is the axion decay constant. The couplings C0,1 and caγγ are model dependent, while
the coupling to gluons is fixed by the UA(1) anomaly.

As in Section 2, the GG̃ term can be eliminated in favor of a complex mass term, with the
difference that the UA(1) rotation depends on the axion field. The rotation has the effect of
modifying the couplings C0,1 and caγγ, and, more importantly, affects the mass sector. The
discussion of vacuum alignment of Section 2 can be immediately generalized, by replacing θ
with θ̄+a/fa. In this context, vacuum alignment achieves the diagonalization of the pion-axion
mass term.

After imposing the vacuum alignment condition, the quark-axion Lagrangian becomes

δL = −ψ̄

[
M−M−1m

2
∗

2

(
θ̄ +

a

fa

)2
]
ψ + ψ̄iγ5ψm∗

(
θ̄ +

a

fa

)
, (173)

where we have kept terms quadratic in θ̄ + a/fa. When chiral symmetry is spontaneously
broken, ψ̄ψ acquires a non-vanishing vacuum expectation value, −(mu + md)〈ψ̄ψ〉 = 3m2

πf
2
π ,

and the CP-even quark mass term in Eq. (173) generates an axion potential

V0

(
θ̄ +

a

fa

)
=

1

3
〈ψ̄ψ〉Tr

[
M−M−1m

2
∗

2

(
θ̄ +

a

fa

)2
]

= − m2
πf

2
π

(mu +md)

(
(ms +md +ms −m∗

1

2

(
θ̄ +

a

fa

)2
)
. (174)

V0 is an even function of θ̄ + a/fa, and it is minimized by

θ̄ +
〈a〉
fa

= 0, (175)
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thus canceling the CP-violating effects of the θ̄ term. Oscillations around the minimum de-
termine the axion mass in terms of the pion mass and decay constant, and of the axion decay
constant

m2
a =

m2
πf

2
π

f 2
a

mumd

(mu +md)2
, (176)

where we neglected small corrections ∼ mu,d/ms.
The presence of additional, chiral symmetry breaking sources of CP violation has the effect

of shifting the minimum of the axion potential, inducing a residual θ̄ term, proportional to
the amount of CP violation. As an example, we discuss the case of CP violation from a
quark CEDM. Performing vacuum alignment, as discussed in Section 2, induces a CP even
axion-quark Lagrangian of the form

δL = −g
2
m∗

(
θ̄ +

a

fa

)
ψ̄σµνGµνM−1[dCE]ψ

+
r

2
m∗

(
θ̄ +

a

fa

)
ψ̄
{
M−1[dCE]−m∗M−1 Tr

[
M−1dCE

] }
ψ +O(θ̄2) . (177)

When chiral symmetry is broken, the isoscalar components in Eq. (177) give a correction to
the axion potential Eq. (174). Up to terms of [dCM ]× (θ̄ + a/fa)

2 that affect the value of the
axion mass but do not change the minimum of the potential, the shifted potential reads:

V

(
θ̄ +

a

fa

)
=

1

6
m∗

(
θ̄ +

a

fa

)2

〈ψ̄ ψ〉

− 1

6
m∗

(
θ̄ +

a

fa

)
Tr
[
M−1[dCE]

]
〈ψ̄σµνgGµνψ〉 . (178)

The term proportional to [dCE], odd in θ̄ + a/fa, causes the potential to be minimized at a
non-zero value of the θ̄ angle,

θ̄ +
〈a〉
fa

= θ̄ind =
r

2
Tr
[
M−1 [dC ]

]
, r =

〈ψ̄σµνgGµνψ〉
〈ψ̄ψ〉

, (179)

where, by chiral symmetry, r is the same ratio defined in Section 2.

D Projections in the isospin limit
We now discuss the projections needed to extract α3, . . . , α7 in Eq. (101) in the isospin limit
mu = md ≡ m, in which the matrices M2 and M3 defined in Eq. (103) and Eq. (104) become
singular.

In the case a = 3, the operators O(5)
6 and O(5)

10 (and the structures multiplying α4 and α7)
vanish. To isolate α3, it is sufficient to impose

Tr
[
Γ

(2)
C γ5/qMt3

]
S

= 0. (180)
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In the isospin limit, for a = 3, α5 and α6 are both proportional to t3, and cannot be disentangled
with a flavor projection. However, the different dependence on m2 and m2

s can be exploited,
by imposing

Tr

[(
∂2

∂m2
− 2

∂2

∂m2
s

)
Γ

(2)
C γ5 t

3

]
S

= 0 (181a)

Tr

[
∂2

∂m2
s

Γ
(2)
C γ5 t

3

]
S

= 0 . (181b)

The first (second) trace above isolates α5 (α6).
For a = 0 and 8, M2 is not singular even in the isospin limit, and the mixing of the CEDM

with the divergence of the axial current is found by imposing Eq. (102c). The structures
multiplying α5, α6 and α7 can be projected on the two flavor matrices t0 and t8, so that the
flavor projections inM3 are not independent, and the matrix is singular. Also in this case, one
can take advantage of the different dependence on m2

s, m2 and msm. Defining tl = (t8 +
√

2t0)
and ts = (t8 − 1√

2
t0), α5, α6 and α7 can be disentangled by the following projections:

Tr

[(
∂2

∂m2
− 2

∂2

∂m2
s

− 4
∂2

∂ms∂m

)
Γ

(2)
C γ5tl,s

]
= 0 (182a)

Tr

[
∂2

∂m2
s

Γ
(2)
C γ5 tl

]
= 0 (182b)

Tr

[
∂2

∂ms∂m
Γ

(2)
C γ5 ts

]
= 0 , (182c)

where in Eq. (182a) tl (ts) is to be used for a = 0 (a = 8).

E Matching coefficients
In this appendix we give explicit results for the matching coefficients from RI-S̃MOM to the
MS-HV scheme (where ψ is defined in Eq. (67), K in Eq. (68), CA, CF and TF in Eq. (60), ξ
is the gauge parameter and nF are the number of flavors).

c11 =
CA(23 + 9ξ)− 32CF

12
ψ +

CA − 2CF
2

(1− ξ) K − CA − 2CF
2

(1 + ξ) log 2

+
10

9
nFTF + CF

(
31

3
− 1

2
ξ

)
+
CA
72

(−646− 36ξ + 9 ξ2) (183a)

c12 =

(
4CF −

CA
6

(3 + ξ)

)
ψ + (CA − 2CF )(1− ξ) K + (CA − 2CF )(1 + ξ) log 2

+ CF (2− ξ) +
CA
4

(−5 + 2ξ) (183b)

c13 =

(
−8

3
CF +

CA
12

(3 + ξ)

)
ψ − 1

2
(CA − 2CF )(1− ξ) K − 1

2
(CA − 2CF )(1 + ξ) log 2
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+ CF

(
25

3
+

1

2
ξ

)
+
CA
8

(5− 2ξ) (183c)

c14 = 0 (183d)

c15 = −4 (183e)

c16 = 3 c17 (183f)

c17 =
CA ξ

6
ψ + (CA − 2CF )(1− ξ) K − 1

2
(CA − 2CF )(1− ξ) log 2

+ CF (8− ξ) + CA

(
−13

4
+

1

2
ξ

)
(183g)

c18 =
8CF − CA(1 + ξ)

2
ψ − (CA − 2CF )(1− ξ) K + 2 (CA − 2CF ) log 2

+ CF

(
10

3
+ ξ

)
+ CA

(
21

4
− 1

2
ξ

)
(183h)

c19 = 0 (183i)

c1,10 = 0 (183j)

c22 = c88 = c99 = c10,10 =
CF
2

(3 + ξ) ψ − CF (12 + ξ) (183k)

c33 = CF

[
(1− ξ)

(
4

3
− 1

2
ψ

)
+ ξ

]
(183l)

c55 = 2CA

(
1 +

1

3
ξ

)
ψ +

CA
36

(−403− 18ξ + 9ξ2) +
20

9
nFTF (183m)

c56 = −4CF (4− ψ) (183n)

c66 = c77 = −4CF . (183o)

The coefficients in the NDR scheme are given by (we report only the cases where cNDR
ij 6=

cHV
ij ):

cNDR
11 = cHV

11 + 2CA −
4

3
CF (184a)

cNDR
13 = cHV

13 −
4

3
CF (184b)

cNDR
16 = cHV

16 +
CA − 4CF

6
(184c)

cNDR
17 = cHV

17 +
CA − 4CF

2
(184d)

cNDR
18 = cHV

18 − CA −
28

3
CF (184e)

48



cNDR
66 = cNDR

77 = 0 (184f)

cNDR
22 = cNDR

88 = cNDR
99 = cNDR

10,10 =
CF
2

(3 + ξ) ψ − CF (4 + ξ) . (184g)
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